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ABSTRACT. In this paper, we propose a generalization of the algo-
rithm developed in [4]. Along the way, we also develop a theory of
quaternionic M-symbols whose definition bears some resemblance
with the classical M-symbols, except for their combinatorial na-
ture. The theory gives a more efficient way to compute Hilbert
modular forms over totally fields, especially quadratic fields, and
we have illustrated it with several examples. Namely, we have
computed all the newforms of prime levels of norm less than 100
over the quadratic fields Q(v/29) and Q(v/37), and whose Fourier
coefficients are rational or are defined over a quadratic field.

Introduction

This paper is a generalization of [4] (see also the author’s thesis
[3]). It presents a new approach to the theory of Brandt matrices in
order to compute Hilbert modular forms. To give a brief discussion of
this approach, let I’ be a totally real number field of even degree and
narrow class number one-we will explain later how those conditions can
be relaxed—and let B be the unique (up to isomorphism) totally definite
quaternion algebra whose ramification is only at infinity. We let 91 be
an integral ideal in F'. By the Jacquet-Langlands correspondence, we
know that any Hilbert modular form of level 91 and arbitrary weight k
comes from an automorphic form of the same level and weight on B (see
Section 3 and reference therein). The algorithm in Pizer [12], which has
been the most used so far when it comes to computing modular forms
on fields larger than Q is based on the knowledge of the invariants of an
Eichler order of level 91 in B, such as its class number, representatives
of its ideal classes, and the left or right orders of those ideals; see,
for example, Consani and Scholten [1], Pizer [12] and Socrates and
Whitehouse [15]. The main disadvantage of this approach is that one
needs to throw away almost everything and starts all over again when
the level changes. Our approach, instead, is based on using invariants
of the quaternion algebra B itself. So, the knowledge of the Eichler

order becomes rather virtual. From a computational point of view,
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this has tremendous advantages as one can store a huge amount of data
from the start, and the computations which are required for each level
amount to finding some local embeddings of a set of representatives of
the types of B.

Though, the aim of this paper was primarily computational, some
of the issues we address certainly have some theoretical interest. In-
deed, our approach to the Brandt matrices suggests that one can give
a purely algebraic description of the Hecke module SP (1), the space
of automorphic forms of level 9t and weight k& on B. This leads us to
the notion of quaternionic Manin symbols. The definition of the Hecke
module of the quaternionic Manin symbols has lot of resemblance with
the one of the usual Manin symbols when F' = Q (see Merel [11] or
Stein [16]). Unfortunately, the only way one can relate this module
to the holomorphic part of the cuspidal cohomology of the Hilbert
modular variety Xo() seems to be by mean of the Jacquet-Langlands
correspondence. The similarities of the quaternionic M-symbols with
the usual M-symbols over Q suggests that one could implement them
in a package similar to the Magma package of Stein [16, 9] for a wide
range of number fields, especially real quadratic fields. One of the ap-
plications we have in mind for such an algorithm would be to gather

more numerical evidences about the Serre conjecture for totally real
fields.

As can be seen easily, the definition of the automorphic forms in
this paper is a special case of the theory of algebraic modular forms in
Gross [7]. So, we think that quaternionic M-symbols could also help
in approaching those forms, at least from a computational standpoint.

The paper is organized as follows. Sections 1 and 2 recall prelim-
inaries on Hilbert modular forms and automorphic forms on definite
quaternion algebras, together with the Jacquet-Langlands correspon-
dence which allows one to go from one side to the other. In Section
3, we describe the Brandt matrices, and in Section 4, we show how
one can add a character into that definition. In Section 5, we define
quaternionic M-symbols and give their basic properties. The final two
sections give numerical examples on the theory we have developed;
namely, we give tables of all the eigenforms of parallel weight (2, 2)
and prime level I of norm less than 100, whose coefficients are ratio-
nals or defined over a quadratic field, for the fields F' = Q(+/29) and

F =Q(V37).
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1. Hilbert modular forms

We fix a totally real number field F' of even degree g. We assume
that the narrow class number of F' is one. We let I be the set of all
real embeddings of F'. For each 7 € I, we denote the corresponding
embedding into R by a + a”. Also, we let Op be the ring of integers
of F', and ¢ its different. For an integral ideal p of F', we denote by
F, and Op,, the completions of F' and Op , respectively, at p. We let
A its adele ring. We say that an element a € F' is totally positive if,
for all 7 € I, a > 0. We then denote this by a > 0 and, for every
subring A of F, we let GLJ (A) be all the invertible 2 by 2 matrices
with coefficients in A, with totally positive determinant. We fix an
integral ideal 91 of F', and put

Fo(‘ﬁ):{'y:(z Z>EGL2+(OF):c€*ﬁ}.

Let k = (k;);e; € Z' be an integer vector whose components have
the same parity, k- > 2. Let H denote the Poincaré upper half plane.
We recall that (M) acts on the set of functions f: H! — C by

T - b’T
flv(z) = (H det i/ (¢ + dT)"“) f ((%)TEI)

Tel

Definition 1. A Hilbert modular form of level 9 and weight k is a
holomorphic function f : H! — C such that

fley = £, for all v € I'y(N).
Let f be a Hilbert modular form. Then
f(z4+p) = f(2), forallzeH!', pe Op.

Therefore, f admits a Fourier expansion which, by the Koecher prin-
ciple, is of the form

f(Z) _ Z aV€27riTr(Vz)7

ved—1
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with v = 0 or v > 0. Also, since f is invariant under the action

of matrices of the form (S 591>’ with € € O, we see that a, =

N(e)%/%a,2,. For any integral ideal a of F', we choose v > 0 such that
a= (v)d and put
cla, f)=a,.
This is a well-defined coefficient. For all v € GLJ (F), let aj be the
first coefficient in the Fourier expansion of f|zy. We say that f is a
cusp form if aj = 0, for all v € GL3 (F). We denote the space of all
cusp form by Si(M).
The Petersson inner product on the space of cusp forms is given by
1 N
)= g [ @0ECe),
M(Fo(m)\Hl) Lo (DM)\H!

where

dy., .
du(z) = %, and y& = HyfT, for z, =z, + iy,.

el 97 Tel

Hecke operators. Let p be a prime ideal of F' such that (p, M) = 1,
and 7, a uniformizer of p . We write the disjoint union

1 0
To(M) ( 0 ) To(M) = [ To(M)e,
and define the action of the Hecke operators T}, on Si(91) by
FITo =Y flxas.

The operators T}, generate a commutative (finite) Z-subalgebra of
End(Sk(91)). We denote it by Tj(M) and call it the Hecke algebra of
level .

Definition 2. A Hecke eigenform f is an eigenvector of Tp(M). We
say that f is normalized if ¢(Op, f) = 1.

It is a result of Shimura that, when f is a normalized eigenform, its
eigenvalues are given by the c¢(a, f), for a running over the integral
ideals in F', and that they generate a number field ([14]).

We denote by Sp'*(M) the subspace of Si(M) generated by all cusp
forms of the form f(dz), where d € M and f € Sp(MM1), for M

a non-trivial divisor of 9. We denote the orthogonal complement of
SP4(M), with respect to the Petersson inner product, by Sp“(9), and
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call it the subspace of newforms. We also let T;*(91) be the part of
Hecke algebra which acts on the space of newforms.

2. Automorphic forms on definite quaternion algebras and
the Jacquet-Langlands correspondence

In this section, we let B be the unique (up to isomorphism) totally
definite quaternion algebra of center F' that ramifies only at infinite
places (this is possible because F' has even degree). We fix a maximal
order R in B, and let Ry be an Eichler order of level 91 contained in R.
We fix a Galois extension K of F' contained in C, which splits B. We
fix also an isomorphism B&p K = My(K)?, and let j : B* — GLy(C)!
be the resulting embedding.

We fix a vector k € Z! such that k., > 2 for all 7, with all the com-
ponents having the same parity. Set t = (1, ..., 1) and m = k — 2t,
then choose v € Z! such that each v, > 0, v; = 0 for some 7, and
m+2v = nt for some non-negative n € Z. For every non-negative inte-

gers a, b € Z, we let S, ,(C) denote the right My(C)-module Sym*(C?)
(the a' symmetric power of the standard right M,(C)-module C?) with
the My (C) action:
z-m = (detm)’zSym“(m).
Then, we define
LE = ® Sm‘r:UT (C)
Tel
We let G’ = Respg(B*) be the algebraic group obtained by restriction
of scalars. Via the obvious extension of j, G(R) acts on L;. On the
complex space of functions f : G(Q)\G(A) — Ly, we define an action
of G(A) by
(flew)(9) = flguwpuz), g, u € G(A).
Similarly, on the space of functions f : G(Ay)/ PA{QXT — Ly, we define an
action of G(Q) by

(fley)(9) == f(vg)y, ge€G(A), v € GQ).

Definition 3. The space of automorphic forms of level 9 and weight
k on B is

SEO) = {f: GQ@Q\G(A) = Ly : flgu=f, u€ GR) x Ry}
Equivalently, we can define the space of automorphic forms as

SEOY = {f: GlAp/Ry = Le: fly=F 7€CG@].
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Hecke operators. Take u € G(Af) and write the finite disjoint union
RyuRy = [ [ Raw-
We define the Hecke operator [R5uRy] by

RyuRy] = SPON) — SP(M)
foe D Flews.

Let p be a prime ideal of F' such that (p, M) = 1, and 7, a uniformizer

of p. We let
. 1 0\ -
ne (b 0 )]
The operators T}, generate a commutative (finite) Z-subalgebra of End (S (91)),
we denote by T} (91) and call the Hecke algebra of level 9.
Let pug : B — Q4 be the composition of the norm map on B with the
norm map on F'. We denote by g » : By — R, its natural extension
to Ba. As in Taylor [17], we can find a bilinear pairing
< R > : LEH C
such that
(xa, ya) = pp(a)™(z, y), o € B*.
We then define a bilinear pairing on SEB (M) by

o)=Y mmal@) (@), g(x)),

zeXF (M)

where R
Xo (M) = GQ\G(Ay) /R
This bilinear pairing is not Hecke equivariant, but one can show that

(fleR5uR], 9) = pm,a(u)™(f, gls[Ryu™"'Ry]).

See Taylor [17] for more details, see also Gross [7, Proposition 1.4]
on how to obtain such a symmetric positive definite bilinear pairing
in general. Analogously to the previous section, we define the spaces
S () and S "(MN), and the Hecke algebra T} " (M) using this
bilinear pairing. By [7, Proposition 1.4], the pairing is well-defined up
to scaling by a factor in Q. So the space of newforms does not depend
on the choice of this pairing.

Since the ramification of B is only at infinite places, the Jacquet-
Langlands correspondence translates as follows.
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Theorem 1 (Jacquet-Langlands). There is an isomorphism of Z-algebras
T () 2 T (),

and a compatible isomorphism
St (M) = Sp(M)

of Hecke modules.

Proof. See Jacquet-Langlands [8, Section 16] and Gelbart [6, Chap.
9].
U

Theorem 1 asserts that one obtains all the newforms on GLy/F by
computing the ones that live on B*/F. Our next goal is to provide an
efficient algorithm which computes the latter space.

3. Brandt matrices

We will now bring the Hecke module SP(M) in a form that lends itself
to computation. We keep the notation of the previous section. Let h
be the class number of B, and let (g,)1<a<n be a set of finite ideles that
generate the right ideal classes of R. For each «, we let I, be the right
R-ideal generated by g, and R, its left (maximal) order. We assume,
without loss of generality, that Ry = R, and fix local isomorphisms
R, = My(Op,,). Via the resulting isomorphism RX 2 GLy(Op), RX

acts transitively on P1(Op/M). We put I—A{na = goRmgs ', and let co,
be the point whose stabilizer is Ry, .

We define the space of automorphic forms of level 9 and weight &
on the order R, by

Se(Ra, M) = {f : P (Op/N) — Ly : flxy=f ~€RL},
with
flery(@) == f(yx)y.
As in Definition 3, we can equivalently define the space S(Rq, M) as
Su(Ras M) = {f: RAGR) x RY = Ly flgu=f, ue GR) x Ry, } -
We will be using both definitions with no distinction.

We now define Hecke operators between such spaces. For each «, 3,
let I 5 = Iafﬁ_l. Then, I, g is an ideal in B whose left order (resp.
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right order) is R, (resp. Rg). Now, take u € f{a(gagﬁ_l) and write the
(finite) disjoint union

Rgmauf{%ﬁ - HUVR%@
and for each = € G(R) x R, put
N(z, o, B,u) = {ul, . xu, = v,x, for some~y, € B*, r, € G(R) x Rg} .
Take f € Sx(Rg, M) and z € G(R) x R, and put
fleRy uRR 5)(2) = D flsw(@),

veN(z,a, 8, u)

where we choose v, € B* and z, € G(R) x RE such that zu, = v,z,,
and put

fHkuy(x) = [(z).
If zu, = v, = vz, then 7,1, € Rj. And, since f is left Rj-

invariant, we see that f(z,) = f(z}). So, flxu.(z) is well-defined.

Furthermore, multiplication to the right of the u,’s by elements in R
does not affect their cosets, and multiplication to the left by elements
in R;La will induce a permutation of those cosets. As a result, we get

that f[s[Ry 4uRy 5] is well-defined and belongs to Sg(Ra, 9%). Thus,

we have a map
Ry ouRy 5l 0 SeRs, M) —  Sp(Ra, M)
Fom PR R
which we call the Hecke operator [Rétaulfif;z 5l- We can now state the

following result.

Theorem 2. The map

@Sk Ra, MN)
[ = (fa)a

where
fa(I'OOa):f(SL’ga), IER:;,

1s an isomorphism of Hecke modules.
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Proof. We first recall that every element in S;}(9) is completely de-
termined by its values on the finite set

G(Q\G(Af)/Rg = B \B*/R5;

Now, since B has class number h, we can write the disjoint union

h
_ H BxgaRX,
a=1
hence

h
BX\B*/Ry; = BX\<HBXgaf{X) /R
a=1

h
— I8\ (BXgaf{X) SR
a=1
Now, it is not hard to verify that the map
B*\B*g.R*/R% — RI\Ri/R3.
V90 = R (9079, )RS
is a bijection. By recalling that R acts transitively on P'(Op/0N) with
the stabilizer of oo, being Rm +» We can rewrite the above bijection as
B*\B*g.R*/R% — R;\P'(Op/M)
V9t = (gatgy') - Oa-

It then follows that f uniquely determines the vector (fs)a, and vice
versa. Therefore, the map

h
@ (Ra, M)

[ (fa)a

is an isomorphism of complex vector spaces, the inverse being obtained
as follows: for any h-tuple (f,)a, we define f by

F(79a7) = fal(gazgyt) - 00a)v™t, v € G(Q), = € R*.

It remains to prove that this isomorphism is compatible with the
Hecke action. To this end, take u € R, with u # 0, and write the
disjoint union

RyuRy = [ [ wRa
v
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Then, the a-th component of the form f under the action of the Hecke
operator [RyuRgy] is given by

f||E[R§IUF{§?]&<x> = Z fleun(zga) = Z f(xgauy)

=YY fegen)

B=1 mgauVGBngf{;

h
=y > f(@(gativgs")gs)

A=l veN(z,a, B, gaugy; ")

= Z Z fﬁ||&(gauugﬂ_1)($)

A=l veN(z,a, B, gaug; ")

h
= Y falelR3y agatigs 'Ry ol(2).
B=1

This completes the proof. O

From now on, we fix a prime g such that (q, 9t) = 1. (We simply let
q = (1), when the class number of the quaternion algebra B is 1). By
making use of the strong approximation theorem, we choose the ideal
I, such that N(/I,) is a power of q, for each « = 1, ..., h. Now, let
p # q be a prime ideal of F' such that (p, 9) = 1, and 7, a uniformizer
of p. For each «, (3, put

N(u)
N(a, 8, p) = el gty ———— = R,
(Oé ﬁ p) {u 163 N(Ialﬁ_1> 7T-P}/ o
where we let RX act by multiplication on the left. The action of Hecke
in terms of global elements translates as follows:

T;ﬁ: Se(Rp, M) —  Sp(Ra, N)

fo= ) fle

uEN(e, B, p)

When applying to an element z € P'(Op/NM), the summation must
be restricted to the u’s whose action is non-degenerate. The operators

7" generate a (finite) Z-submodule TE“’Rﬂ (N) of
Hom(Sk(Ra, M), Sk(Rg, N)). The computation of the action of T ()

amounts to the computation of the action of the collection (T}j‘” Re (M)).
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We will now describe the Brandt matrices. To this end, let us fix a
fundamental domain

Se=Hzf,i=1,..., 54}

for the action of RX on P(Op/N), where s, is the cardinality of S,.
Recalling that each element in Si(R,, 91) is completely determined by
its values on the set S,, we get an isomorphism of complex vector
spaces

Si(Ra, M) — DL
=1

foe (F@7)
where I'¢" is the stabilizer of x$ and Ll,;? is the space of I'{-invariants.

To compute the Brandt matrix of TPJ’B , we let N(x¢, xf , p) be the
subset of N(«, 3, p) given by

N(zf, xf, p) = {u Sue :’yu-x? for some 7, € Rg}
Now, take f € Sk(Ra, 91). Then, we have

TPy = > fleu(x) =) fluaf)u

Y Y St

J=1 ueN(z¢ z? p)

R

= > D, [

J=1 uEN(z¥, :1:5-3, p)

= Y (@) > wtu

=1 ueN(xf, 27, p)

So, we define the Brandt matriz of the operator T,?’B to be Bg"ﬁ = (biy),
where the entry bj; is the linear operator

r? ro
L. J i
bji : LE — LE

(O ) E %jlu

u€N (2§, zl}, p)
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Remark 1. On can verify that the definition of the Brandt matrices is
independent of the choice of the fundamental domains S,, 1 < a < h.

4. Brandt matrices with character

To develop the theory of Brandt matrices with character, let us start
with the observation that, by replacing Uy(M) = R, by Uy (M), the the-
ory we just presented in Sections 2 and 3 will work through, especially,
Theorem 2 will still hold, and we will get the following isomorphism of
Hecke modules:

h
g @ Ra> Ul )

with the obvious definitions. Now, the space Sk(R,, Ui (91)) will just
be the set of functions

[ Hi(M) — Ly such that  fxy = f,
where
Hi(N) == {(a, b) € (O/N)* with ged(a, b) € (O/MN)*}.
The natural action of (O/9)* on H; (D) induces the following action
on Sg(Ra, U1 (M)).
(u-f):=flur) we (O/M and x € H1(N).

We would like to decompose Sg(Rq, U1 (M)) under this action. To this
end, let us fix a set S of coset representatives for H;(91)/(O/M)*. We
would like to observe that, though there a bijection between S and the
projective line we considered before, we would like to make a marked
distinction between the two. We fix a character y : (O/M)* — C*
and define the twisted projective line by x to be

P (O/M) := Hy(M)/ ker(x),

ie., (ua, ub) ~ (a,b) <= u € ker(x). Note that, for the triv-
ial character, we get the usual projective line. Also, note that there
is a canonical map P} (O/N) — P'(O/N) which is not R}-linear in
general. We define the space of automorphic forms of level U; (N, a),
weight k£ and character x to be

Sk(Ra, M, x) := {f: PL(O/MN) — Ly suchthat flxy=f}.
Now, take f € Sg(Ra, 9, x) and put
fuw-z):=x)f(z), ue(O/MN*, zeb.
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It is not hard to see that f, is a well-defined element of Sg(R,, Ui (1))
lying in the y-eigenspace. Conversely, any y-eigenvector of the action of
(O/7M)* on Sk(Ra, U (MN)) will determine an element of Sg(Rq, N, x)
by the above relation. So, we just proved the following result.

Theorem 3. The map
Se(Ray U1(90) — P Si(Ra, 9, x)

X
fo= (fox
15 an 1somorphism of complex spaces in which the x-eigenspace corre-

sponds to Sk(Ra, M, X)-

By making use of the theorem above, one can develop the theory of
Brandt matrices with character mutatis mutandis.

5. Quaternionic M-symbols

In this section, we define quaternionic M-symbols and give their
basic properties. The content of this section was largely inspired by
Stein [16], and of course, Merel [11] and Manin [10]. We keep the
notations of the previous section, except that we put some integral
structure on L. We choose a generator 7 of g and let Op (q) = OF[%],
and O, (q) = Ok ® Op, (). The integral structure on Ly is obtained by
letting Li(Ok, () be the Ok (q-submodule of Lj obtained by replacing
C by Ok, (g in the definition, where O is the ring of integers of K.
So, for each O, (q-algebra A, we now define

Li(4) = @) S, (A),

with the right action now restricted to My(A)!. We fix an isomorphism
j: B® K 2 My(K)! such that j(R ® Of) = My(Ok)?.

We consider the product of Ok, (4-modules
Ok, ([P (O/M)] x Li(Ok, (g)),
and define a left action of R* on it by
v (.flf, U) = (")/.Z', /Ufy_l)'
We let My (R, N, Ok, (q) the largest torsion-free quotient
Ok, 0P (O/M)] ® Le(Ok, q))/{x — 72, v € R¥).

We see from that definition that replacing R by a conjugate order
will give an isomorphic Ok, (y-module. So, we can make the following
definition.
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Definition 4. We call Mi(R, N, Ok, (q)) the Ok, (q-module of quater-
nionic M -symbols of weight k and level N attached to R.

With obvious definitions, we see that for any subring Ok, ;) C A C C,
ME(RJ mv A) = ME(R7 m’ OK,(q)) ®0K, (a) A.

Let m = Y, 2;®uv; be an element of My (R, N, C), with z; € PY(O/M)
and v; € Li(C). We define the support of m to be

Supp(m) = U R*z;.

Then, we define the map
fm: PHO/M) — L
vy, @ =z € Supp(m)

r
0, else.

It is not hard to see that f,, is an element of Si(R, 0N).

Proposition 4.

is an isomorphism of Ok, q)-modules.

Proof. We only need show that

is an isomorphism of complex spaces, but this is not very hard to see
from the definition. O]

Definition 5. The Ok, (q-module of quaternionic M -symbols of level
N and weight k attached to B is defined by

h
MEN, Ok () = D Mi(Ra, M, Ok, ().

a=1

We now define the action of Hecke on this module by

TP Mg(Ra, M, Ok, () — Mi(Rg, M, Ok, ()
[17]04 = Z [U'J:]ﬁv

ueN(a, 8, p)
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where [z], denotes the class of 2 € Ok ([P (O/MN)] ® Li(Ok, (q) in
the module My(Ra, M, Ok, (q). We get the Hecke operator T}, on

Mg(m’ Ok, (q)) by piecing together all the T,f‘”g’s'
Theorem 5. The map
ME, O ) = SP(N Ox.(a)
(Ma)a = (fma)a

is an 1somorphism of Hecke modules.

Proof. This is a restatement of Theorem 2 in light of Proposition
4. O

Remark 2. 1) The analogy between our quaternionic M-symbols and
the Manin symbols, for F' = Q, is clearly transparent from the defini-
tion. Further, the same way the Manin symbols give a purely algebraic
description of the holomorphic cuspidal cohomology of the modular
curve which lends itself very well to computation, so do our quater-
nionic M-symbols. In our case however, one needs to resort to the
Jacquet-Langlands correspondence in order to prove that the holomor-
phic cuspidal part of the cohomology of the Hilbert modular variety
Xo(M) is given by our quaternionic M-symbols, whereas in the ratio-
nal case, one disposes of the so-called Manin trick. One of our goal
is to implement the computation of the module of quaternionic M-
symbols into a package similar to the Magma package of Stein [9] for
M-symbols, at least for a wide range of quadratic fields.

2) From a computational point of view, the module MZ (N, Ok, ()
can also be used in approaching algebraic modular forms as defined in
Gross [7]. Indeed, let G/Q be a reductive group satisfying the condi-
tions in [7, Proposition 1.4], and U C G (Z) a compact open subgroup.
In most interesting cases, the quotient G(Z) /U will often have a nice
description as a flag variety over a finite artinian ring. So, knowing
the class number of GG, one can give a description of the space of al-
gebraic modular forms of level U similar to ours, and get the Hecke
operators as acting on a disjoint union of such flag varieties. In fact, a
similar approach was adopted by Pollack in his thesis [13] in order to
compute coset representatives for G(Q)\G(Ay)/U, except that for the
description of Hecke action, he went back to the adelic setting.

6. Algorithms for real quadratic fields

We will now explain how the discussion in the previous sections can
be used for explicit computation of Hilbert modular forms on real qua-
dratic fields. In order to do so we need some preliminary results. We
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assume for the rest of this section that F' = Q(v/D) is a real quadratic
field of narrow class number one, where D is a square-free positive in-
teger. Let v; and vy be the two real places of F. We assume that F
has a fundamental unit ¢ with v;(e) > 0, v2(¢) < 0 and N(e) = —1.

6.1. Choosing the definite quaternion algebra. To start our al-
gorithm, we need a totally definite quaternion algebra B of center F
with Ram(B) = {v1, v2}. The following lemma will help in that choice.

Lemma 1. Let p be a positive prime in Q that is inert or ramified in
F, and B be the quaternion algebra

() if p=2

(%) if p=3 mod4

(#) if p=>5 mod8

\ (_p{q) if p=1 mod8

where q is a positive prime in Q with ¢ = 3 mod 4 and (2—9) =—1.
q

Then B is the unique (up to isomorphism) totally definite quaternion
algebra with Ram(B) = {vy, va}.

Proof. Let B, , be the unique (up to isomorphism) quaternion al-
gebra defined over Q which is ramified only at oo and p. By Pizer
[12, Proposition 5.1], there is a canonical embedding of B, , into B.
Therefore, B can only ramifies at primes that lie above oo and p. But
B clearly ramifies above the two primes v; and v,. And, since p is inert
or ramified in F' and Ram(B) must have even cardinality, we see that
Ram(B) can only consist of {vy, vs}. O

Remark 3. To kick start our algorithm, we need to exhibit a maxi-
mal order R in B. There is a result in Socrates and Whitehouse [15]
which does this. The proof which is valid only for quadratic field with
discriminant D = 5(8) is essentially computational in nature. One
can always write an easy algorithm which searches for the basis of a
maximal order. As a starting point, if we need a quaternion algebra
B in which the prime p is inert, we can take the basis of the quater-
nion algebra By, , given by Pizer [12, Proposition 5.2], and look for a
maximal order in B such that the transition matrix to its basis is in
Hermite normal form. Then, we only need to do an efficient search for
coefficients in the finite field F, 2. We see that one needs to choose p as
small as possible.
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6.2. Computing representatives for the (right) R-ideal classes.
Once we have chosen the quaternion algebra B and the maximal order
R, the steps of the algorithm follow more or less the ones in Pizer [12]
and Consani and Scholten [1]. We recall some of the results in those
two papers, which can be very useful.

Proposition 6. Let I and J be two right R-ideals. Then, I and J
belong to the same class if and only if there is an element v € I.J such
that N(v) = N(I)N(J).

Proof. See Pizer [12, Proposition 1.18], and Consani and Scholten [1,
Proposition 8.1]. O

Remark 4. We can use this proposition to search for ideals in the form
I = aR, where a is an ideal in some quadratic extension K = Fla],
where « € B — F. That we can always find representatives of ideal
classes in this form follows from [15, Theorem 7.2]. The search can be
made more efficient by first comparing the theta series of the ideals.
This is discussed at length in [15, Chap. 7], see also [1, 12].

6.3. Computing the Brandt matrices. The computation of the
global elements in I, g necessary for the calculation of the Hecke opera-
tors relies on the efficiency of the algorithm that represents an element
of F' by the quadratic form that gives the scaled norm of an element in
B. Again, we refer to Pizer [12, sec. 6] and Consani and Scholten [1,
sec. 8], and Socrates and Whitehouse [15, Chap. 6 and 7 |. We only
add that there are now many procedures in Magma which facilitate
working with lattices (see the pages on lattices in [9]).

6.4. Computing the local embeddings. The computation of the
local embeddings is fairly easy. This amounts to finding basis elements
in My (O/M) satisfying the same relations as the ones by the elements
in the basis of the corresponding maximal order. Most of time, the de-
nominators of the basis elements are units in O /M, so we can just take
a basis of My(O/M) satisfying the same relations as i, j. Otherwise, we
need to do the same work starting with a basis of the maximal order.

Remark 5. The implementation of the algorithm proceeds as in [4].
The main difference between our algorithm and the modular symbol
algorithm for classical modular forms resides in Step 1 which is not
needed when working with the matrix algebra My(Q). The compu-
tations in Step 1 can however be performed and the results stored in
a database for each quadratic field. Our algorithm then becomes as
efficient as the modular symbols one. One of our goal is to create a
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huge database of quadratic fields that can be used in a package similar
to the Hecke package of Stein [16] in Magma.

7. Numerical examples

In this section, we present two numerical examples on real quadratic
fields. We think that the algorithm given here should be easy to rewrite
for any totally real number field of narrow class number one. In the
computations of this section, the results in Socrates and Whitehouse
[15] were very helpful, especially the one relating the type number and
the class number of certain quaternion algebras over real quadratic
fields. We have chosen two quadratic fields with the prime 2 inert in
them. So, the unique (up to isomorphism) totally definite quaternion
algebra ramified only at both infinite places is the Hamilton quaternion
algebra B. We consider its canonical basis {1, 4, j, k}, with i* = j2 =
—1, k = ij = —ji. For any quadratic field F' of discriminant D, we
will let wp be a generator of its maximal order Op.

7.1. F=Q(v29). From Socrates and Whitehouse [15], we know that
B has class number A = 2. We chose the maximal order whose basis is
given in Socrates and Whitehouse:

1+Z+]+/{? i+w29j+(1+w29)k3
2 ’ 2
The two representatives of the ideals classes we chose were

]1 =R and Ig = (9 + 4C¢J29, 19 + Wag + GZ)R

RI:< 7j7k>‘

See Table 1 for the list of all newforms of level a prime of norm less
than 100 and whose coefficients are rational or defined over a quadratic
field. The levels and the forms are listed up to Galois conjugation.

7.2. F =Q(v/37). Again, from Socrates and Whitehouse [15], we know
that B has class number h = 2. The chosen maximal order was:

1—|—Z+]+k i+uJ37j+(1+W37)k

R := , k).
< 2 ) 2 7 j? >
The two representatives of the ideals classes we chose were
14+i4+7+k
I ;=R and Ih:=(3+ws, 2— M)R

2

See Table 2 for the list of all newforms of level a prime of norm less
than 100 and whose coefficients are rational or defined over a quadratic
field. The levels and the forms are listed up to Galois conjugation.
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Remark 6. One very amusing and pleasant thing which confirmed
that our computations were correct was the level one forms appearing
in all subsequent levels as oldforms. Since, those forms can be found
elsewhere, this was a proof that the algorithm was working. Indeed,
the level one forms correspond to elliptic curves with everywhere good
reduction, and they can be found in several places (see, for example,
Darmon and Logan [2]). We give them below; FEag is the one defined
over Q(v/29) and FEs; is the one defined over Qv/37.

and

Fay @ y* + zy + (24 wzg)zy = 13,

Esr: v +y = 2° 4+ 227 — (19 + 8wsr)z + (28 + 11wsy).

Table 1: Hilbert modular forms of weight (2, 2) on

F=Q(v29),
N 1 (47 2) (7, 0+ 10.)29) (9, 3)

Np) [ p Jalp, fo)]ale, )] alp, /) [ alp, /i)

4 2 1 1 1 3 — lws

9 3 1 ) —4 -1

5 1+ 1(4}29 -3 1 2 0+ 2w5

9 | 3+ lwag -3 1 2 0 + 2ws

7 7+ SWQQ 2 —2 —1 -1 - 2w5

7 5+ 2&129 2 -2 2 -1 - 2W5

13 4+ 1WQ9 —1 —1 —6 —1

13 |5 — 1wy -1 -1 4 -1

Nn (13, o — 1w29) (29, -1+ 20{)29) (53, -2 — SWQQ)
Np) | »p alp, 1) | alp, fi) [alp, fo) | alp, /i)

4 2 -1 -1 —2w8 0 —2+2W5
9 3 —4 -3 — 2(,4)8 0 2 — 2&}5
—5 1+ ]_WQQ -3 -1 0+ 2&)5 0— 1(,05
5) 3+ ]_WQQ 2 -1 2 — 2&]5 2
7 7+ 3(4)29 -3 0+ 2w8 0+ 1w5 2
7 5+ 2(.d29 -3 0+ 2w8 1— 1w5 2
13 |4+ lwag 4 142w | 4 4
13 5— 1(.029 1 -1+ 2w8 4 -2+ 2(,()5
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N (59, —4 + 3way) (67, —10 — 3wag)
N | p  [ale, f)] ale, fo) [alp, fO) | alp, fo)
4 2 -1 1+ Tws -3 0+ lws
9 3 ) 4 ) —1 — 2wy
-5 1+ 1(4)29 0 0— QWS —1 -1
5 3+ 1(4)29 0 2 -3 2 — 2w5
7 7+ 3WQ9 -1 3— 1w8 —4 -1+ 1w5
7 5+ 2&)29 5} 0+ 2w8 2 el 1w5
13 4+ 1WQ9 -1 —4 4+ 2u)g -3 -5+ 3w5
13 5 — ].u)gg —4 -3 — 1w8 7 -3+ 4w5
N (67, —10 — 3LU29) (71, -9 — 2(4)29)
N(p) ‘ p (Z(p, f3) CL(]J, fl) ‘ a(p7 f?)
4 2 2 1 2w 3 1+ Lws
9 3 0+ 2ws 1 -3
5 | 14 lwyg 2 1 3
5 3+ 1WQ9 0— 1W5 1 -1+ 1(,05
7 7+ 3WQ9 0— 1W5 —2 -1+ 3&)5
7 5+ 2(4)29 -2 — 2w5 2 0+ 2w5
13 4 + 1(.(}29 -2 - 3(4}5 3 2 — 4&)5
13 5 — 1WQ9 -2+ 2(4)5 -1 1+ 1W5

Table 2: Hilbert modular forms of weight (2, 2) on

F=Q(V37),
N 1 (4, 2) (11, 5 — 1&)37)
Np) [ p  Ja f)] ap. f) [alp fo)]alp, fo)

4 2 0 -1 1 3
3 3+1w37 —1 —1+1W21 1 -1
3 4— 1(4)37 —1 -1+ 1CU21 2 2
25 5 6 1+ 3way -1 -9
7 11 — 3(,(}37 3 —2 3 -3
7 8+ 3&)37 3 —2 -5 3
11 4 4+ lwsy -3 2 — lwo 4 0
11 5 — 1W37 -3 2 — 1WQ1 -1 -1
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N (25,5)
N [ p Jalp, ) [alp, fo) [alp, fs) [alp, f1)
4 2 0 0 4 —1
3 3+ 1LU37 -3 1 1 0+ 2LU5
3 4 — 1W37 1 -3 1 2 — 2&)5
25 ) 1 1 —1 —1
7 |11 — 3wsr 1 -3 1 0+ 2ws
7 8+ 3&)37 -3 1 1 2 — 2(,()5
11 4 + 1(,(}37 1 1 -3 4 — 4(,()5
11 o — 1&)37 1 1 -3 0+ 40)5
N (37, -1+ 2&)37) (41, 5+ 3&)37)
Np) [ p [ap fi)[alp o) [alp f5) | alp, fi)
4 2 —4 0 0 -3
3 3+ lwsy 1 -3 2 —1
3 4 — 1(.037 1 -3 2 -1
25 5 —10 —6 —6 -3
7 11—3(,()37 —1 —1 3—3w5 0
7 8+3W37 —1 —1 0+3CU5 0
11 4 + 1W37 3 -5 0 6
Nn (53, -7+ 3&)37) (67, —11+ 4&)37)
N [ p [ap fi)[alp, f2) | alp, fs) ap, f1)
4 2 1 -3 2 0
3 3+ lwsy 2 2 2 -1
3 4—1(,()37 -1 —1 2-1&)5 1
25 D -2 6 —2 + 6ws 2
7 11 — 30)37 5 -3 0— 1UJ5 -3
7 8+ 3(4)37 0 0 2+ 1w5 —1
11 4+ 1CU37 5 -3 0+ 4(4}5 3
11 5 — 1w37 3 3 -5+ 1w5 5}

21
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n (71, 2+ 3&)37) (73, 14 — 3LU37) (83, 1-— 3W37)
N [ p  Jalp f)Jalp. )| alp, /i) a(p, 1)
4 2 —2 —1 —2 —1 + lws
3 3+ 1Ld37 0 0 -3 -1
3 4 — 1(4}37 2 2 3 1+ 10}5
25 D -3 6 4 —4 + 6ws
7 |11 —3ws | —4 4 0 2
7 | 8+ 3wy 1 —4 4 4+ 1w
11 | 44 1wy 5 4 4 —1 + 4ws
11 95— 1&)37 0 6 3 2+ 1&)5
N (83, 1— 3&)37)
Np) [ » ap, f2)

4 2 -3+ 1(,05

3 3+ 1CLJ37 —1

3 4 — 1&)37 1+ 1(4)5

25 ) 4 — 6ws

7 11 — 3(4}37 —2

7 8+ 30037 0+ 1(.4)5

11 4 + 1(.037 3 — 2(4./5

11 5 — 1&)37 0— 1(,05

Remark 7. Our final remark is that it could be better to implement
a variant of this algorithm if we know more about the cuspidal repre-
sentation associated to the form we are looking for. For example, if
we know that this representation is special or supercuspidal at more
than two primes, say p and ¢, we could choose instead the quaternion
algebra B to be ramified at both places at infinity and the two primes
p and g. This will have the tremendous advantage of cutting down
the dimension of the space we are looking for. This trick could have
been used in [1] for example. In the same way, one can implement a
variant of this algorithm over field of odd degree by adding an extra
prime to the ramification of the quaternion algebra. Using the Hamil-
ton quaternion algebra over Q, for example, would give all forms special
or supercuspidal at 2. This can be seen as a variant of Pizer [12].
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