10 1. Abelian Varieties: 10/10/03 notes by W. Stein
1.4 A Summary of Duality and Polarizations

Suppose A is an abelian variety over an arbitrary field k. In this section we sum-
marize the most important properties of the dual abelian variety AV of A. First we
review the language of sheaves on a scheme X, and define the Picard group of X as
the group of invertible sheaves on X. The dual of A is then a variety whose points
correspond to elements of the Picard group that are algebraically equivalent to 0.
Next, when the ground field is C, we describe how to view AV as a complex torus
in terms of a description of A as a complex torus. We then define the Néron-Severi
group of A and relate it to polarizations of A, which are certain homomorphisms
A — AV. Finally we observe that the dual is functorial.

1.4.1 Sheaves

We will use the language of sheaves, as in [1], which we now quickly recall. A
pre-sheaf of abelian groups F on a scheme X is a contravariant functor from the
category of open sets on X (morphisms are inclusions) to the category of abelian
groups. Thus for every open set U C X there is an abelian group F(U), and if
U C V, then there is a restriction map F(V) — F(U). (We also require that
F(@) =0, and the map F(U) — F(U) is the identity map.) A sheaf is a pre-sheaf
whose sections are determined locally (for details, see [1, §I1.1]).

Every scheme X is equipped with its structure sheaf Ox, which has the property
that if U = Spec(R) is an affine open subset of X, then Ox(U) = R. A sheaf of
Ox -modules is a sheaf M of abelian groups on X such that each abelian group has
the structure of Ox-module, such that the restriction maps are module morphisms.
A locally-free sheaf of Ox-modules is a sheaf M of Ox-modules, such that X can
be covered by open sets U so that M|y is a free Ox-module, for each U.

1.4.2 The Picard Group

An invertible sheaf is a sheaf £ of Ox-modules that is locally free of rank 1. If £
is an invertible sheaf, then the sheaf-theoretic Hom, £V = Hom(L, Ox) has the
property that £Y®L = Ox. The group Pic(X) of invertible sheaves on a scheme X
is called the Picard group of X. See [1, §11.6] for more details.

Let A be an abelian variety over a field k. An invertible sheaf £ on A is alge-
braically equivalent to 0 if there is a connected variety T over k, an invertible sheaf
Mon A x; T, and to,t; € T(k) such that M,, = £ and M;, = O,. Let Pic’(A)
be the subgroup of elements of Pic(A) that are algebraically equivalent to 0.

The dual AV of A is a (unique up to isomorphism) abelian variety such that for
every field F' that contains the base field k, we have AY(F) = Pic’(Ar). For the
precise definition of AY and a proof that AV exists, see [2, §9-10].

1.4.3 The Dual as a Complex Torus

When A is defined over the complex numbers, so A(C) = V/L for some vector
space V and some lattice L, [4, §4] describes a construction of AV as a complex
torus, which we now describe. Let

V* = {f € Homgr(V,C) : f(at) =af(t), all a € C, t eV}
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Then V* is a complex vector space of the same dimension as V and the map
(f,v) =Imf(t) is an R-linear pairing V* x V' — R. Let

L*={feV*:(f,A\)€Z, all e L}.

Since A is an abelian variety, there is a nondegenerate Riemann form H on A.
The map A : V. — V* defined by A\(v) = H(v,-) is an isomorphism of complex
vector spaces. If v € L, then A(v) = H(v,-) is integer valued on L, so A(L) C L*.
Thus A induces an isogeny of complex tori V/L — V*/L* so by Lemma 1.3.7 the
torus V*/L* possesses a nondegenerate Riemann form (it’s a multiple of H). In
[4, §4], Rosen describes an explicit isomorphism between V*/L* and AY(C).

1.4.4 The Néron-Several Group and Polarizations

Let A be an abelian variety over a field k. Recall that Pic(A) is the group of
invertible sheaves on A, and PicO(A) is the subgroup of invertible sheaves that
are algebraically equivalent to 0. The Néron-Severi group of A is the quotient
Pic(A)/ Pic’(A), so by definition we have an exact sequence

0 — Pic’(A) — Pic(A) — NS(A) — 0.

Suppose L is an invertible sheaf on A. One can show that the map A(k) —
Pic’(A) defined by a — t:£ ® L' is induced by homomorphism ¢, : A —
AV. (Here t* L is the pullback of the sheaf £ by translation by a.) Moreover, the
map L — ¢, induces a homomorphism from Pic(A) — Hom(A, AY) with kernel
Pic’(A). The group Hom(A, A) is free of finite rank, so NS(A) is a free abelian
group of finite rank. Thus Pic”(A) is saturated in Pic(A) (i.e., the cokernel of the
inclusion Pic’(A) — Pic(A) is torsion free).

Definition 1.4.1 (Polarization). A polarization on A is a homomorphism A :
A — AY such that A\ = ¢ for some £ € Pic(Ay). A polarization is principal if it
is an isomorphism.

When the base field k is algebraically closed, the polarizations are in bijection
with the elements of NS(A). For example, when dim A = 1, we have NS(A) = Z,
and the polarizations on A are multiplication by n, for each integer n.

1.4.5 The Dual is Functorial

The association A +— AV extends to a contravariant functor on the category of
abelian varieties. Thus if ¢ : A — B is a homomorphism, there is a natural choice
of homomorphism " : BY — AV. Also, (AY)Y = A and (¢")Y = ¢.

Theorem 1.4.2 below describes the kernel of Y in terms of the kernel of ¢.
If G is a finite group scheme, the Cartier dual of G is Hom(G, G,,). For example,
the Cartier dual of Z/mZ is py, and the Cartier dual of u,, is Z/mZ. (If k is
algebraically closed, then the Cartier dual of G is just G again.)

Theorem 1.4.2. If ¢ : A — B is a surjective homomorphism of abelian varieties
with kernel G, so we have an ezxact sequence 0 — G — A — B — 0, then the
kernel of ©V is the Cartier dual of G, so we have an evact sequence 0 — G —
BY — AY — 0.
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The Dual Abelian Variety

The dual of A is an abelian variety isogenous to
A that parametrizes classes of invertible sheaves
on A that are algebraically equivalent to zero.

AY = Pic%(A)

The dual is functorial:

If A— B then BY — AV,

Cassels-Tate Pairing

A/F: abelian variety over number field

Theorem. If A is principally polarized by a polarization aris-
ing from an F-rational divisor, then there is a nondegenerate
alternating pairing on HI(A/F) 4. S0 for all p:

#W(A/F)[p™] gn, =0

(Same statement away from minimal degree of polarizations.)

Corollary. If dimA =1 and lI(A/F) finite, then
#I(A/F) =0

Michael Stoll’s
Computation

During a grey winter day in 1996,
Michael Stoll sat puzzling over a
computation in his study on a
majestic embassy-peppered hill
near Bonn overlooking the Rhine.
He had implemented an algorithm
for computing 2-torsion in Shafarevich-Tate groups of Jacobians
of hyperelliptic curves. He stared at a curve X for which his
computations were in direct contradiction to the previous slide!

#111(Jac(X)/Q)[2] = 2.

What was wrong????

Polarized Abelian
Varieties

A polarization of 4 is an isogeny (homomorphism) from 4
to its dual that is induced by a divisor on 4. A polarization
of degree 1 is called a principal polarization.

Theorem. If 4 is the Jacobian of a curve, then A is
canonically principally polarized. For example, elliptic
curves are principally polarized.

What if the abelian variety =~
A is not an elliptic curve?

Assume #II(A/F) is finite. Overly optimistic literature:
* Page 306 of [Tate, 1963]: If 4 is a Jacobian then
#I(A/F) = 0.

* Page 149 of [Swinnerton-Dyer, 1967]: Tate proved that

#1(A/F) = [0.

Poonen-Stoll

From: Michael Stoll (9 Dec 1996)
Dear Bjorn, Dear Ed:

[--.] your results would imply that Sha[2] = Z/2Z

in contradiction to the fact that the order of Sha[2] should

be a square (always assuming, as everybody does, that Sha is finite).
So my question is (of course): What is wrong ?

From: Bjorn Pooenen (9 Dec 96)

Dear Michael:

Thanks for your e-mails. 1'm glad someone is actually taking the time
to think about our paper critically! [...]

1 would really like to resolve the apparent contradiction,

because 1 am sure it will end with us learning something!

(And I don"t think that it will be that Sha[2] can have odd dimension!)

From: Bjorn Poonen (11 hours later)

Dear Michael:

I think I may have resolved the problem. There is nothing wrong with
the paper, or with the calculation. The thing that is wrong is the
claim that Sha must have square order!




Poonen-Stoll Theorem

Theorem (Annals, 1999): Suppose J is the Jacobian of a curve
and J has finite Shafarevich-Tate group. Then

#1(J/F)=0or 2-0

Example: The Jacobian of this curve has Sha of order 2

= 30?4+ 1) -6+ 1) (a? + 6x+ 1)

Is Sha Always Square or
Twice a Square?

Poonen asked at the Arizona Winter
School in 2000, “Is there an abelian
variety A with Shafarevich-Tate group
of order three?”

In 2002 | finally found Sha of order 3
(times a square):

0= —r} —a] 4 (—6rara + 3ai)ry + (—xd + Jraad + (—9r] — 2r3)a2
+ (423 + 25 + (0] + w + (s - )
0= —3xa7} + ((—12#3 = 2)r2 + 3ad)e + (-253 + 3rari+
(1525 — 4ira)ea + (523 + 25 + (20w + (42 + iz — 30D
0= —3xsx] + (—3] + Graxrs + (—92] — 203) s + (o + (—9r3 — 1)23
+ (1223 + 2oy)ars + (=923 = 303 + (2uan + (3 — 2w + (363 + w))0)
et $r3es + 0zirizd — dzirar} + 28272 — 2/3x125 + 26 3z3 + 2/30178
— 140/3xyrir] — 16/3ryadrs + 388/ 3r1ada] + 200103a] — 2/30y230d + 8/3ricdam
10/3xyx3y] — 490/3x xax] — 88/3xyxax] + B/3r raryyd — 40/ 3rxaTayays
+ 443z xaay] 4 25030125 4 50/3x12% — 10/3c103yd + 44/3x 03y — 50/3x105y3
+ 1/92% — 22%ry — 2/92% + 152853 + 26/9zkxy + 1/9s8 - 54492223 - 14092223
8/9x3ra + 2/923ud — 8/923wawn + 10/923F + 1382323 + 388/92223 + 10/3233
2rirayl 4 80/9x3xayoys — 94/ 9xirayl — 2/9a3y3 + B/9xyan — 10/9x3p3
— 150rzx] — 490/9rar) — 44 /9rar] + 50,920l — 244 /9xs2)
i W2 + 625/928 + 250,
(92303 + 44 /9x3ya1 — 5O/
449yl + 25/9u%

% 4 25/97% - 50/9:3y
303 + 17903

How to Construct
Non-square Sha

While attempting to connect groups of points on
elliptic curves of high rank to Shafarevich-Tate groups
of abelian varieties of rank 0, | found a construction of
non-square Shafarevich-Tate groups.

Plenty of Non-square Shal!

e Theorem (Stein): For every prime
p < 25000 there is an abelian variety
A over Q such that

#111(A/Q) = p -0

» Conjecture (Stein): Same statement for all p.

The Main Theorem

Theorem (Stein). Suppose E is an elliptic curve and p an odd
prime that satisfies various technical hypothesis. Suppose { is a
prime congruent to 1 mod p (and not dividing Ni) such that

L{E, xpe. 1) #F 0 and a,(E) # f+1 (mod p)

Here Xpp: (Z/0) — ftp is a Dirichlet character of order p
and conductor [ corresponding to an abelian extension K. Then
there is a twist A of a product of p - 1 copies of E and an exact
sequence

0 — E(Q)/pE(Q) — I(A/Q)[p™] — WI(E/K)[p™] — WI(E/Q)[p™) -

If E has odd rank and W(E/Q)[p™] is finite then TI(A/Q)[p™]
has order that is not a perfect square.

- 0.




Proof Uses the Weil Restriction
of Scalars

F/K: finite extension of number fields

A/F: abelian variety over F

R = Resy - (A) abelian variety over K with

dim(R) = dim(A) - [F : K]

Functorial characterization:
For any K-scheme 5,

R(S)=A(S =g F)

What is the Abelian Variety A?

JHl

Let R be the Weil restriction of scalars of £ from K down to Q, so R
is an abelian variety over Q of dimension p (i.e., the degree of K).
Then A is the kernel of the map induced by trace:

O—-A—-R—-F—DO0

Note that
* A has dimension p - 1
* 4 is isomorphic over K to a product of copies of £
« Our hypothesis on £ and Kato’s finiteness theorems imply that
A(Q) and #I11(A/Q) are both finite.
» Is isogenous to 4, where f'is a twist of newform attached to E.

Proof Sketch (1): Exact
equence of Neron Models

The exact sequence
0—A—R—-E—0

extends to an exact sequence of Néron models (and hence sheaves
for the étale topology) over Z:

0—A—=R—E=0

To check this, we use that formation of Néron models commutes
with unramified base change and Prop. 7.5.3(a) of [Néron Mod-
els, 1990].

Proof (2): Mazur’s Etale
Cohomology Sha Theorem

Mazur's Rational Points of Abelian Varieties
with Values in Towers of Number Fields:

For FF= A, R FE let F = Néron(F). Then

HE(Z. F)[p™] = HI(F/Q)[p™]

In general this is not true, but our hypothesis on p and ¢
are exactly strong enough to kill the relevant error terms.

Proof (3): Long Exact Sequence

The long exact sequence of étale cohomology begins

0—AQ)— R(Q) — E(Q)_—> 5
— HYX(Z,A) — HL(Z,R) — HA(Z,E) — H2(Z, A)

Take the p-power torsion in this exact sequence then use
Mazur’s theorem. Next analyze the cokernel of ¢...

Proof (4): Apply Kato’s
Finiteness Theorems

We have Coker(d) = E(Q)/pE(Q) since

L(E.xpe,1)#0  and  aZf+1 (mod p).
(To see this requires chasing some diagrams.)
Also HZ(Z,A)[p™®] = 0 (proof uses Artin-Mazur duality).

Both of these steps use Kato’s finiteness theorem in an essential way.
Putting everything together yields the claimed exact sequence

0 — E(Q)/pE(Q) — (A/Q)[p™] — WI(E/K)[p™] — W(E/Q)p™]) — 0.






