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Abstract

We study a subgroup of the Shafarevich-Tate group of an abelian variety known
as the wvisible subgroup. We explain the geometric intuition behind this subgroup,
prove its finiteness and describe several techniques for exhibiting visible elements.
Two important results are proved - one what we call the wvisualization theorem,
which asserts that every element of the Shafarevich-Tate group of an abelian variety
becomes visible somewhere. Although the theorem is not original, the proof is
original and is based on the explicit use of principal homogeneous spaces. The
second result is the wisibility theorem, stating that under certain conditions, one
can inject a weak Mordell-Weil group into the Shafarevich-Tate group. Finally, we
present two applications which provide evidence for the Birch and Swinnerton-Dyer
conjecture - one example, in which the visibility theorem applies directly, and one,

where visibility occurs only after raising the level of the modular Jacobian.
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Introduction

In the 1960s, the British mathematicians Bryan Birch and Peter Swinnerton-Dyer
stated several interesting conjectures about the arithmetic of the elliptic curves
over Q, after doing some computations at Cambridge University. Later on, John
Tate formulated more functorial versions of these conjectures and generalized them
to abelian varieties over Q. The most famous version of the Birch and Swinnerton-
Dyer conjecture is a relation between analytic and arithmetic invariants of an elliptic
curve (more generally, abelian variety).

Conjecture 1 (Birch and Swinnerton-Dyer Conjecture). Let E be an elliptic
curve over Q of Mordell-Weil rank r and let L(E, s) be the L-series, attached to the
elliptic curve, then

ords—1 L(E, s) = .

There is another version of the conjecture, which was described by John Tate
in 1974 and is known as the full BSD conjecture. We will state the conjecture for
abelian varieties over Q, attached to newforms. The quantities that are included
into the conjecture are the real volume Q4 (or the canonical volume of A(R), the
Tamagawa numbers cy,, the order of the Shafarevich-Tate group II(A/Q), the
order of the torsion subgroups A(Q)es and AY(Q)ers and the order of vanishing of
the L-function of A. All of the quantities will be discussed in more details later.

Let A be an abelian variety over QQ, which is attached to a newform f = Z anq"

n>1
of level N and let f(7) = Z ayq" be the different Galois conjugates of f. We can

n>1

ns
n>1

define the L-function of the variety A as L(A,s) := H (Z %> .

oK —Q
Conjecture 2 (Full BSD Conjecture). Assume that L(A,s) does not vanish at

s=1. Then
LO(A,s)  [TI(A/K)| - T1,n cap - Rega

rl. QA N ‘A(Q)tors’ ' |AV(Q)t0rS|

The above conjecture assumes that IIT1(A/Q) is finite. In fact, there is a close con-
nection between the Birch and Swinnerton-Dyer conjecture, and the Tate-Shafarevich




conjecture (according to which III(A/K) is always finite for any abelian variety over
a number field).

The main goal of this thesis is to introduce and study a subgroup of the Shafarevich-
Tate group, known as the wvisible subgroup and to describe various techniques for
producing visible elements of certain order, which in turn could provide evidence for
Conjecture 2. We prove a theorem (the wisibility theorem), which is due to William
Stein and Amod Agashe, which exhibits embeddings of certain weak Mordell-Weil
group into III(A/K) for abelian varieties of rank zero under certain hypothesis. We
prove a general statement, according to which every element of II(A/K) can be
visualized somewhere. The proof of this statement is original and was discovered
by William Stein and the author. Finally, we present a technique for visualizing
elements by raising the level of the modular Jacobian. This technique is based on
a theorem of K. Ribet and can be applied for abelian varieties, for which the visi-
bility theorem fails. We give a computational example to explicitely illustrate the
technique.

This thesis project should in no case be considered to be a self-contained pre-
sentation, since such an exposition would have been beyond the volume of a senior
thesis. As such, we assume basic familiarity with elliptic curves, Galois theory, Ga-
lois cohomology, theory of schemes. We also assume that the reader is familiar with
the existence and the basic properties of Néron models of abelian varieties. We
sometimes sketch the more technical proofs and constructions, omitting the details
and refering the reader to more detailed references. We tried, however, to present
all the important steps and ideas in the main results of the thesis (the visibility
theorem, the visualization theorem, etc.). Some of the chapters (such as Chapter 1
and Chapter 3) require much less background than the others.



Chapter 1

Mordell-Weil Theorem,
Shafarevich-Tate Group and
Selmer Groups for Elliptic Curves.

We use the proof of the weak Mordell-Weil group as a motivation for introducing
the Shafarevich-Tate group and the Selmer group of an elliptic curve. This approach
allows us to present a more geometric interpretation of the two groups in terms of
principal homogeneous spaces and their relation to Galois cohomology. These ideas
are important for the computation of the full Mordell-Weil group E(K'), which is still
an open problem. It follows from [23, VIIL.3] and [23, Exer. 8.18] that by knowing
generators for the group E(K)/mE(K), we can obtain generators for F(K) with a
finite amount of computation. Thus, we will be interested only in computing the
group E(K)/mE(K).

We show how computing the weak Mordell-Weil group E(K)/mE(K) reduces to
determining whether there exists at least one rational point on certain homogeneous
spaces. The last problem is a particular case of Hilbert’s Tenth Problem about
deciding the solvability of diophantine equations. In fact, the techniques allow us to
describe an algorithm for computing E(K)/mE(K) which terminates if one assumes
the Tate-Shafarevich conjecture about the finiteness of I(£/K). Finally, we prove
that the ¢-Selmer group for an arbitrary isogeny ¢ : E' — E is always finite and
explain how to compute that group.!

1.1 Weak Mordell-Weil Group and Kummer Pair-
ing via Galois Cohomology

Suppose that F is an elliptic curve over a number field K and m > 2 is an integer,
such that E[m| C E(K). We define the weak Mordell-Weil group for E/K to be the

"'We should make clear that we will not be concerned at all about the computational complexity
of the algorithms, i.e. how difficult the computations are.
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quotient group F(K)/mE(K), where E(K) is the group of K-rational points on E.
We start by defining a pairing

k: B(K) x Gal(K/K) — E[m)],
in the following way: for each P € E(K) choose Q € E(K), such that [m]Q = P
and let k(P,0) = Q% — Q.

First of all, this pairing is well-defined. To see this, suppose that @’ is another
point, such that [m|Q = [m]Q" = P. We need to check that Q7 — Q' = Q7 — Q.
But [m](Q'— Q) =0,ie. Q—Q € Elm] C E(K), which means that Q' — @ is fixed
by the action of Gal(K/K). Hence, (Q' — Q)" = Q' —Q, or Q" — Q' = Q° — Q. We
often call the pairing x the Kummer pairing.

The basic properties of xk are summarized in the following proposition:

Proposition 1.1.1. The pairing k is bilinear, with left kernel equal to mE(K)
and right kernel equal to Gal(K /L), where L is a field extension of K obtained by
adjoining the coordinates of all points in [m]'E(K) (or L = K(/m|7'E(K))). In
particular, Kk induces a perfect bilinear pairing

BE(K)/mE(K) x Gal(L/K) — E[m].

Proof. Bilinearity of  is obvious from the definition. Suppose that P € E(K) is in
the left kernel of x. Choose Q € E(K), such that [m]Q = P. We will show that
Q € E(K) and thus, it will follow that P € mE(K). But this is clear from the
definition, since (P, o) = 0 means precisely that @) is fixed by o. Conversely, any
P € mE(K) is in the left kernel of &.

Let 0 € Gal(K/K)(K) be in the right kernel. In this case it suffices to show
that o fixes the field extension L/K. Let P € E(K) and @ be a point, such that
[m]@Q = P. Then x(P,0) = 0 implies Q° = Q. Since this is true for any point in
[m]'E(K), then L is fixed by 0, i.e. 0 € Gal(K/L). Conversely, any o € Gal(K /L)
is in the right kernel, because it fixes the points in [m] ' E(K).

We obtain the perfect bilinear pairing by moding out by the left and right kernels
of k. O

Next, our goal is to describe the Kummer pairing in terms of Galois cohomology.
To begin with, consider the short exact sequence of Gal(K /K )-modules for a fixed
integer m > 1
0— Em] — E(K) ™ E(K) — 0.

This short exact sequence gives a long exact sequence on cohomology
0 — H°Gal(K/K),E[m]) — H°(Gal(K/K),
2, H'(Gal(K/K), Em]) — H (Gal(K/K), E(K)) = H'(Gal(K/K), E(



But H°(G, M) = M€ for any group G and a G-module M, so we rewrite the above
sequence as

0 — E(K)m] — B(K) 2 B(K) > H'(Gal(K/K), E[m])
— HYGal(K/K),E(K)) 2 H (Gal(K/K), E(K)).

Using the fact that ker(d) = mE(K), we obtain the following short exact se-
quence, known as the Kummer sequence:

0 — B(K)/mE(K) 2 H'(Gal(K/K), E[m]) — H'(Gal(K/K), E(K))[m] — 0.
Since the left kernel of the pairing x is mFE(K), then s induces a homomorphism
§p : E(K)/mE(K) — Hom(Gal(K /K), E[m]).

It follows immediately that dg is precisely the connecting homomorphism ¢ for
the above long exact sequence.

1.2 Properties of L = K(jm] 'E(K))/K

After introducing the Kummer pairing in the previous section, we will to study in a
more detail the field extension L = K ([m] 'E(K)), which appeared in Proposition
1.1.1 in the previous section. The main result that we prove is that this extension
is abelian and of exponent dividing m, which is unramified outside of a finite set of
places v. Then, using a general result from algebraic number theory, we will prove
that L/K is a finite extension.?

The main properties of the field extension L/K are summarized in the following

Proposition 1.2.1. (i) The field extension L/ K is an abelian extension of exponent
dividing m. In other words, the Galois group Gal(L/K) is abelian and every element
has order dividing m.

(i) If S is the finite set of places at which E has bad reduction, together with the
infinite places and the places v, for which v(m) # 0, then L/K is unramified at each
vegs.

The following lemma will be used in the proof of the proposition:

Lemma 1.2.2. Suppose that v is a discrete valuation, such that v(m) = 0 and E/K
has good reduction at v. Then the reduction map E(K)[m] — E,(k,) is injective.

Proof. This is proved in [23, VIL.3.1] by using formal groups. We will later on refer
to a similar statement for abelian varieties. O

ZNote that finite generatedness of F(K) would immediately imply that L/K is finitely gen-
erated, because L would be an extension of K, obtained by adjoining finitely many elements.
However, we cannot use this, because we are trying to prove finite generatedness for E(K).



We are now ready to prove the proposition:

Proof of Proposition 1.2.1. (i) This is a consequence of proposition 1.1.1. Indeed,
the map Gal(L/K) — Hom(E(K), E[m|) defines an injection ¢ — k(o,-), so
Gal(L/K) is abelian and the order of every elements of divides dividing m, since
every homomorphism of Hom(E(K), E[m]) has order dividing m.

(i) Take a point Q € [m]'F(K) and let P = [m]Q. Consider the extension
L = K(Q) over K. It suffices to show that this extension is unramified at each
v ¢ S. Let v/ be an extension of v in K(Q) and D,//, and I,,, be the inertia and the
decomposition groups, respectively. We will be done if we show that each element of
I, acts trivially on K(Q). Indeed, every element of I,./, acts trivially on E,(k’,),
where k!, denote the reduction of K(Q) at /. Therefore (Q7 — Q)™ = Q°—Q=0
for all o € I,4,. But Q7 — Q € E[m], because Q € [m]'E(K). Thus, lemma 1.2.2
implies that Q7 = @, so 1./, acts trivially on K(Q)/K, which means that the field
extension is unramified. This proves the proposition. O

So far, we concluded that L/K is an abelian extension of exponent dividing m
which is unramified outside of a finite set of primes. It turns out that these properties
are enough to deduce the finiteness of L/ K. The next theorem establishes precisely
this statement. In the proof, we use several results from algebraic number theory.

Theorem 1.2.3. Let K be a number field, m > 2 be an integer, and S be a finite
set of places, containing all infinite places in K and all finite places v, such that
v(m) # 0. Consider the maximal abelian extension L /K which has exponent dividing
m and which is unramified at all places outside of S. Then L/K is a finite extension.

Proof. 1f the proposition is true for a finite extension K'/K, then it is certainly true
for K. Indeed, if L/K is the maximal abelian extension of exponent dividing m,
which is unramified outside of the finite set S, then LK’/K' is a maximal abelian
extension of exponent m, unramified outside of a set S’ of extensions of the places
in S to LK'. Therefore, LK'/K" is finite, and so L/K would also be finite. Thus,
we can assume that K contains the m-th roots of unity i,.

We define the ring of S-integers

Rs={a€ K:v(a) >0 forall v ¢S}

Sine the class number of Rg is finite, we can add finitely many places to S, so that
Rg becomes a Dedekind domain with class number 1 (i.e. a principal ideal domain).
Making S bigger increases L and so we can assume that Rg is a principal ideal
domain.

Next, we use another auxiliary result:

Lemma 1.2.4. Let K be a number field (more generally, any field of characteristic
0), containing the m-th roots of unity pu,,. Then the mazimal abelian extension of
K of exponent m is obtained by adjoining m-th roots of the elements of K. In other
words, L = K(a'/™ : a € K) is the mazimal abelian extension of K of exponent m.



Proof. Let L be an abelian extension of K of exponent dividing m and let G =
Gal(L/K). Since G is abelian, then G = G; X --- x G}, where the groups G; are
all cyclic. Let L;/K be the fixed field of Gy x --- x G; X --- x G,,. The Galois
group of L;/K is G;, which is cyclic of order m’ | m. The field K contains the
primitive m’-th root of unity . Since Ny, x(¢) = 1, then by Hilbert Satz 90,
e = o(u;)/u; for some u; € L; (0 is a generator for the Galois group Gal(L;/K)).
Next, o(ul') = (o(u;))* = (e ;)" = u?, so u? € K. Since o'(u;) = ¢ ‘u;, then the
minimal polynomial of u; has degree m/, so L; = K (u;), where uf* € K. Therefore,
the maximal, abelian extension of K of exponent dividing m is

L=K(@a"™:a€K).
O

By lemma 1.2.4 and by the fact that K([m] 'K)/K is abelian, of exponent
dividing m and unramified outside the finite set S, then K ([m] 'K)/K is the largest
subfield of K (a'/™ : a € K), which is unramified outside S.

Suppose that v ¢ S. Then a'/™ € L for some a € K if and only if K,(a'/™)/K,
is unramified. But since v(m) = 0, then this condition is satisfied precisely when
v(a) = 0 (mod m). Finally, we conclude that L = K (a'/™ : a € Ts), where

Ts={ae K*/K™ :v(a) = 0(mod m) for all v ¢ S}

We will be done if we prove that Ty is finite. The idea is to consider the natural
map R§ — Ts. We claim that this map is surjective. Indeed, the valuations v ¢ S
correspond precisely to the prime ideals of Rg. Thus, if a € K* represents an element
of Ts, then the ideal aRg is the m-th power of an ideal of Rg (by the definition of
Ts). Since Rg is a principal ideal domain, then aRg = b™Rg for some b € K*.
Hence, a = ub™ for some u € Rg. But then the images of @ and u in Ts are the
same and therefore the map RY — T is surjective. Since its kernel contains (R§)™
then we obtain a surjective map RE/(RE)™ — Tg. Finally, using Dirichlet’s S-unit
theorem [14, V §1], it follows that RY is finitely generated and therefore R%/(R%)™
is finite. Thus, T is finite and L/K is a finite extension. O

Thus, L/K is a finite extension, so using the perfect pairing E(K)/mE(K) x
Gal(L/K) — E[m], we conclude that F(K)/mE(K) is finite.

1.3 Computing the Weak Mordell-Weil Group and
Principal Homogeneous Spaces

Recall that we assumed in the very beginning that F[m| C E(K). This assumption
implies that p,, C K*. It follows from Hilbert 90 Satz that each homomorphism
Gal(K/K) — jm, has the form o — o(3)/8 for some § € K and g™ € K*.
Therefore, we have an isomorphism & : K*/K*™ — Hom(Gal(K/K), jim).



The main idea for the computation of the weak Mordell-Weil group E(K)/mE(K)
is to use the homomorphisms dg (from section 1) and i in order to construct a
pairing
b: E(K)/mE(K) x Elm| — K*/K*™,
which is computable.

For the construction of this pairing, we use the Weil pairing e, : E[m]| x E[m] —
fm, defined in [23, II1.8]. Define

b(P, Q) = 05 (em(95(P)(),Q)).

The pairing is well-defined, because dx is an isomorphism. It is also not hard to
check that the pairing is bilinear and nondegenerate on the left. Indeed, if dx were
degenerate on the left, then there would exist a point P, such that for all ) € E[m]
and all ¢ € Gal(K/K), e (k(P,0),Q) = 1. Since the Weil pairing is nondegenerate,
then x(P,0) = 0, which means that P € mE(K) by proposition 1.1.1.

The pairing b is easily computable as follows:

Proposition 1.3.1. Let S be the finite set of places v at which E has a bad reduction,
the infinite places and the primes dividing m. Then the image of the pairing b lies
in the subgroup

K(S,m)={be K*/K* : v(b) = 0(mod m) for all v ¢ S}

Moreover, for a point QQ € Elm] if fo and gg are functions, satisfying div(fq) =
m(Q) —m(0) and fq o [m] = g¢, then b(P,Q) = fq(P)(mod K*™) for P # Q. In
the case P = @) one can consider any point P' € E(K), such that fo(—P') # 0 and
use bilinearity of the pairing to obtain b(P, P) = fo(P + P')/fo(P’).

Before presenting the proof, we will make the following

Remark 1.3.2. Proposition 1.3.1 is useful for computing the group E(K)/mE(K)
in the following way: suppose that one is able to recover the functions fg and gg
from the equation of the curve. Next, take generating points ) and Qs for E[m]| =
Z/mZ x Z./mZ. The idea is to consider the finitely many pairs (by,by) € K(S,m) X
K (S, m) and for each one to test whether we can solve the equations b;2]" = fg, (P)
and byzi* = fo,(P) and P € E(K) have a common solution (P, 21, 2) € K2 x K**.
Since the pairing b is nondegenerate on the left, then for a fixed pair (b, by), there
is at most one possible P, such that there exists a solution (P, z1, z3) of the above
system. Thus, one can recover this unique P from arbitrary K-rational point on the

variety
blzin = fQ1<P)7 bZZ;n = fQ2(P)’ P e E(K>’

so the question of computing the Mordell-Weil group reduces to determining whether
or note each of finitely many varieties (each corresponding to a pair (b, b)) has a
K-rational point. We call these auxiliary varieties homogeneous spaces for E/K. In
that sense, the question of computing the group E(K)/mE(K) is related to Hilbert’s
Tenth Problem of deciding the solvability of diophantine equations.



Proof of Proposition 1.3.1. Consider the element 3 = b(P,Q)"™ and the field ex-
tension K(3)/K. The proof of the first part is based on two observations. First,
the element (3 is contained in the finite extension L = K ([m] 'E(K)), as defined
in proposition 1.1.1. Since L/K is unramified outside of S by theorem 1.2.1, then
K(B)/K is unramified as well. But we get from algebraic number theory that
K(f/K) is unramified at v if and only if v(8™) = 0 (mod m). This proves that the
image of b is contained in K (.S, m).

For the second part of the proposition, recall [23, II1.8] that fg and g are used

X+P
for defining the Weil pairing. In other words, e,,(P,Q) = 9o(X + P) (the last

o ge(X)
fraction is the same for all X). Choose a point P’ € F(K), such that mP" = P.
Then by the definition of b and e, for X = P’, we have

[ea P/O' P/ g
ﬁ_:em(Plo'_P/,Q>:gQ( ,> :gQ( ,) )
A 9o(P')  go(P)

By raising to the m-th power and using the fact that dx is an isomorphism, we
conclude that go(P')™ = ™ (mod K*™). Hence, fo(P) = fo(mP') = go(P')" =
b(P, Q) (mod K*™), which completes the proof of the proposition. O

We should note at that point that there is a whole theory of principal homoge-
neous spaces and that they can be defined abstractly as varieties, equipped with a
simple transitive action of the elliptic curve (or more generally, the abelian variety).
For the later chapters, we assume that the reader is familiar with the basic theory.
In fact, all we will need is that the equivalence classes of principal homogeneous
spaces (or torsors) form a group (the Weil-Chatelet group WC(E/K)) and the el-
ements of that group are in bijective correspondence with the cohomology group
HY(Gal(K/K), E). The basic theory is presented in [23, X.3]

1.4 Applications and Complete 2-descent

Our discussion in the previous section will not be complete without an explicit
example, for which we compute the weak Mordell-Weil group, using the described
techniques. Since the main technical difficulties arise from the group law on the
elliptic curve, derived out of the Weierstrass equation, we restrict ourselves to the
case m = 2, which can be made explicit using the formulas for the group law on the
elliptic curve, out of the Weierstrass equations.

First, take a Weierstrass equation for E of the form

v = (z—e1)(z —ex)(w — e3).

The 2-torsion point in E are 0 and Q; = (e;,0) for i = 1,2,3. The first step is
to determine the functions fg, and gg,. In this case, the explicit formulas for the
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group law on the curve [23, I11.2] makes this quite easy. We check that the function
fo, = v — e; satisfies div(fg,) = 2(Q;) — 2(0). Moreover,

(33'2 — Zeix — 2622 + 2(61 + e9 + 63)61' — (6162 + eje3 + €2€3>)2

ro2] —e = :
(2y)?
2 _ e —2e2+2 -
50 we set gg, = (z e — 2ef + 2(eq + 622—|- e3)e; — (erea + eres + 6263))' Recall
Y

that knowing fp, means knowing explicitely the equations for the principal homo-
geneous spaces.

Fix (b1, b9) € K(S,2) x K(S,2). To check whether (by,bs) is in the image of the
pairing b means to check whether the system of equations

y' = (x —e1)(x — e2)(w — e3) (1)
bzl =1—¢ (2)

and
bozy =2 — €9 (3)

has a solution (z,y,21,20) € K X K x K* x K* (we are using the fact that @,

and @2 are generators for E[2]). By substituting (2) and (3) into (1), we obtain

y? = (v —e3)bi1be2?23. Since by, by, 21, 22 are non-zero, we can consider z3 =

bibyz12ze
Then the new set of equations is b1by22 = — e3, b2} = x — ey and byz3 = x — €.
By eliminating x, we get a pair of equations

2 2 2 2
blzl — b222 = €9 — €1, blzl — b1b223 = €3 — €1.

We can use various techniques, such as reduction to determine whether or not this
pair of equations has at least one rational point (21, z3). If this happens to be the
case, then we recover easily z and y as

2
Tr = blzl ‘e, y= b1b2212223

The only pairs which we cannot compute using fg, and fg, are b(Q1, Q1) and
b(Q2, Q7). But we use

b(Q1, Q1) = b(Q1, Q1 + Q2)/b(Q1,Q2) = %,
Similarly,
@2 @) = 222

We can summarize the whole argument in the following
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Theorem 1.4.1 (Complete 2-descent). Suppose that E/K is an elliptic curve,
giwen by a Weierstrass equation

Y= (r—e)(z—e)(z—es), ;€K

Let S be the set of places at which E has bad reduction, the places dividing 2 and
the infinite places. Then there exists an injective homomorphism

E(K)/2E(K) — K(S,2) x K(S,2),
which is given explicitly (by proposition 3.1) as

‘CE(P)_ebx(P)_e?) ifx(P)?éebe??
(e1 —e3)/(e1 —ea),e1 —eg) if x(P) = ey,

ey —e1,(ea —e3)/(ea —e1)) if x(P) = ey,

1 if P=0.

—_

and (e2,0), then (by,by) is the image of a point P € K if and only if the equations
b122 — by22 = ey — €1 and byz? — bibyz3 = e3 — e; have a solution (z1,29,23) €
K* x K* x K. If such a solution exists, then a representative for the element of
E(K)/mE(K) is given by x(P) = b12? + €1 and y(P) = b1by212923.

1.5 Definition of the ¢-Selmer and Shafarevich-
Tate Groups

As in the previous section, we are led by the motivation to effectively compute the
Mordell-Weil group. The main step is to find generators for the weak Mordell-Weil
group E(K)/mE(K).

In the previous section, we obtained the Kummer sequence out of the long exact
sequence on group cohomology. Now, we consider a slightly more general setting:
suppose that ¢ : £ — E’ is a non-zero isogeny of elliptic curves over K. Then one
has a short exact sequence

O—>E[gb]—>Ei>E’—>O.

In precisely the same way as for the case ' = F and ¢ = [m] from the previous
section, we obtain a short exact sequence

0— E'(K)/¢(E(K)) LN HY(Gal(K/K), E[¢]) — H (Gal(K/K), E(K))[¢] — 0.

Next, we consider a place v for the number field K. Extend v to a place of the
algebraic closure K. This gives us an embedding K C K, and a decomposition
group, which we denote by D, C Gal(K/K). By the definition of a decomposition
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group and of the completion K, it follows that D, acts on E(K,) and E'(K,).
Repeating the same argument as the one in the previous section, we obtain similar
Kummer sequences

0— E'(K,)/¢(E(K,)) — H'(D,, E[¢]) — H'(D,, E(K))[¢] — 0.

Notice that D, C Gal(K/K) and E(K) C E(K,). Of course, it is a subtle question
on how the local cohomology depends on the choice of v, but this is discussed in
detail in [5, Ch. IV]. Recall from the basic properties of Galois cohomology that
these inclusions induce restriction maps on cohomology. We do the same for each
place v and use these restriction maps to obtain the following commutative diagram

0 s "HY(Gal(K/K), E[¢]) —= H (Gal(K/K), E(K))[¢] —= 0
0—=1I1, 505 —IL, H'(D., E[¢)) [1, H'(D,, E(K,))[¢] —0

But in the previous section, we identified the group of equivalence classes of prin-
ciple homogeneous spaces WC'(E/K) with the cohomology group H!(Gal(K /K), E).
Thus, we can replace the upper and lower last terms by WC(E/K) and WC(E/K,)
respectively.

Our ultimate goal is computing the image of E'(K)/¢(E(K)) in HY(Gal(K /K), E[¢]),
which is the same as computing the kernel of the map H'(Gal(K/K), E[¢]) —
WC(E/K)[¢]. But the following proposition provides a way of testing whether an
element is in the kernel, in terms of K-rational points on the homogeneous spaces

of WC(E/K).

Proposition 1.5.1. Suppose that C/K is a homogeneous space for E/K. Then
C/K represents the trivial element of WC(E/K) if and only if C has at least one
K -rational point.

Proof. One of the directions is easy. Suppose that C'/K represents a trivial element
of WC(E/K). Then there is a K-isomorphism ¢ : E — C. Then ¢(0) € C(K), so
in particular C'(K) is non-empty.

Conversely, suppose that C'(K) is non-empty, i.e. Py € C(K). Define a morphism
0:E— CbyfdQ) =P+ Q. We first show that the morphism 6 is defined over
K. Suppose ¢ € Gal(K/K). Then

0(Q) = (R +Q) =K +Q =h+Q =0(Q%).

Thus, the morphism is defined over K. We next prove that # is an isomorphism.
Indeed, since F acts simply transitively on C', then for each P € C there is a
unique () € F, such that 6(Q) = P and so § has degree 1. This means that the
induced map on function fields 6* : K(C) — K(E) is an isomorphism of fields. In
other words §*K(C) = K(FE). Therefore,  has an inverse, which we denote by
6~!: K(E) — K(C). This isomorphism gives rise to a rational function ¢ : C' — E
of degree 1. But such a function is always a morphism, since F is smooth. O
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Although we obtained a simple criteria to check if a principal homogeneous space
represents the trivial element in the Weil-Chatelet group, it is still a hard question
to determine whether a curve C' has a K-rational point. In such cases, it is always
easier to work over complete local fields, because we can use Hensel’s lemma to
reduce the problem to checking whether the curve has a point over a finite ring.

To illustrate more precisely the above idea, consider a place v and the complete
local field K. By proposition 1.5.1, computing the kernel of the map

H'(Dy, El¢]) — WC(E/K,)|¢]

reduces to the question of determining whether a homogeneous space C' has a K-
rational point. This idea naturally leads to the following definitions:

Definition 1.5.2. For an isogeny ¢ : £ — E’ defined over K, consider the ¢-Selmer
group S (E/K) to be the subgroup of H'(Gal(K/K), E[#]), defined as

SO(E/K) = ker {Hl(Gal(F/K), El¢) - [] WC(E/KV)} :

We also consider the Shafarevich-Tate group of £/ K to be the subgroup of WC(E/K)
defined as

III(E/K) := ker {WC’(E/K) -] WC(E/KV)} .

Although the above definitions include the choices of the extension of each place
v to the algebraic closure K, from the more geometric interpretation of homogeneous
spaces, it follows that both S(® and IIT depend only on E and K. Indeed, recall
that a homogeneous space C' represents a trivial element in WC(E/K,) if and only
if it has a K, -rational point, a condition which is certainly independent of the choice
of extension of the places v. Therefore, both S(® and III depend only on F and K.

A famous conjecture about III(F/K) for an elliptic is that it is always finite and
has order a perfect square.

Conjecture 3 (Tate-Shafarevich). If E/K is an elliptic curve, then III(E/K)
is finite.

Remark 1.5.3. Another interesting observation for Il is that it measures the failure
of the local-to-global principle, since the nonzero elements in III are equivalence
classes of homogeneous spaces which have a rational point for every local field K,
but do not have a K-rational point. For instance, for quadratic forms we have the
Hasse-Minkowski principle, according to which existence of a QQ,-rational point for
each v-adic field implies existence of a QQ-rational point. This is not always true for
arbitrary curves. An example of an obstruction to the local-to-global principle is
the curve (see [4, Ch. 18] for details)

3X3 +4Y3 +523 = 0.
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The Shafarevich-Tate groups measures the failure of the local-to-global principle.
Notice that the Tate-Shafarevich conjecture implies that for all, but finitely many
equivalence classes of homogeneous spaces the local-to-global principle still holds.

1.6 Finiteness of the Selmer Group

Unlike III, it is not hard to prove that S® is finite and effectively computable. The
main goal of the section is to prove finiteness of S® for an arbitrary isogeny ¢.

To begin with, let ¢ : E — E’ be an isogeny defined over the number field
K. Using only the cohomological definition of the Selmer group and Shafarevich-
Tate group and the commutative diagram from the previous section, we obtain the
following short exact sequence

0— E'(K)/¢(E(K)) — SYE/K) — T(E/K)[¢] — 0.
This is going to be helpful for proving the first main result of the section

Theorem 1.6.1. The ¢-Selmer group SO (E/K) is finite. In particular, if one
chooses ¢ to be the m-isogeny of E to itself, then the weak Mordell-Weil group
E(K)/mE(K) is finite.

The key idea for the proof of the finiteness of the Selmer group is the nontrivial
observation that it consists of cohomology classes of cocycles which are unramified
outside of finite set of places S. Before proceeding, we give a precise definition for
a cocycle to be unramified.

Definition 1.6.2. Suppose that M is a Gal(K /K )-module, v is a discrete valuation
for the number field K and I, C Gal(K/K) be the inertia group for v. A cohomology
class ¢ € HP(Gal(K/K), M) is defined to be unramified at v if has a trivial image
in HP(I,, M) under the restriction map HP(Gal(K/K), M) — HP(I,, M).

First of all, we make one clarification about the above definition. Since we have
already fixed a decomposition group D, for v, the inertial group [, is determined
by the decomposition group as the kernel of the map D, — Gal(k, /k,), where v/ is
the extension of v to the algebraic closure of K and k, and k, are the two residue
fields for the complete local fields K, and K, respectively.

Before proving theorem 1.6.1, we need to prove a lemma

Lemma 1.6.3. For any finite, abelian Gal(K /K)-module M the group of cohomol-
oqy classes which are unramified outside a finite set of primes is finite. In other
words, the group

HY(Gal(K/K),M;S) :={¢ € H'(Gal(K/K), M) : ¢ is unramified outside of S}

1s finite.
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Proof. Using the definition of the profinite topology and the finiteness of M, we
deduce that there must be a finite index subgroup of Gal(K/K) which acts triv-
ially on M. Therefore, we can assume that Gal(K/K) acts trivially on M by
changing K with a finite extension (because the inflation-restriction sequence on
Galois cohomology implies that it suffices to prove the statement for the extension
of K). This in turn implies that H'(Gal(K/K), M;S) = Hom(Gal(K/K), M; S).
To complete the proof, denote by m the exponent of M (i.e. the smallest m,
such that mz = 0 for all x € M). Denote by L the maximal abelian exten-
sion of exponent m, which is unramified outside of S. Then the natural map
Hom(Gal(L/K), M) — Hom(Gal(K/K), M; S) is clearly an isomorphism. But the-
orem 1.2.3 implies that L/K is a finite extension, i.e. H'(Gal(K/K),M;S) is a
finite. O

Proof of theorem 1.6.1. Suppose that ¢ € S (E/K) and v is a finite place of K
which does not divide the degree of the isogeny ¢ and that £’ has a good reduction
at v. We will prove that ¢ is unramified at v. Using the definition of S®), we
obtain that ¢ has a trivial image in WC(E/K,). But WC(E/K,) is identified with
HY(D,,E), so ((0) = P° — P is a coboundary, where P € E(K,) for all ¢ € D,
Furthermore, the definition implies that P7 — P € E[¢|. But E[¢] C E[m] and we
can use lemma 2.2 to show that FE(K)[m] injects into E,. But the reduction (mod
v) maps sends P’ — P — (P? — P)~ = P? — P. The last point is 0 for any o € I,
by the definition of the inertia group. Therefore P° = P for every o € I, and hence
the restriction of ¢ to H'(I,, E[¢]) is trivial, i.e. ¢ is unramified at v. Finally, the
statement follows from lemma 1.6.2. O



Chapter 2

Abelian Varieties

The purpose of this chapter is to introduce the basic theory of abelian varieties. We
prove that the group of points on an abelian variety is always commutative as a
consequence of the rigidity lemma. We sketch the construction of the dual abelian
variety (a variety that will be used a lot in the next chapters). Finally, we discuss
Jacobians of curves.

2.1 Abelian Varieties over Arbitrary Fields

Abelian varieties are the main objects of study of this paper.

Definition 2.1.1. An abelian variety over a field K is a smooth, proper, algebraic
variety X over K, together with multiplication and inverse morphisms

m: X x X — X (multiplication)
i: X — X (inverse),

and an identity element e € X (K), such that the maps m, ¢ and the element e define

a group structure on X (K).

Fxample 2.1.2. The obvious examples are elliptic curves, since they are smooth as
algebraic varieties and have a group structure (the group law is defined by the usual
addition of points law on elliptic curves).

It is not clear a priori whether multiplication on the group variety is commuta-
tive. For elliptic curves, commutativity is straightforward from the definition of the
group law. To prove commutativity in general, we use the following

Theorem 2.1.3 (Rigidity Theorem). Let f : X x Y — Z be a morphism of
varieties over K. Suppose that X is smooth and there exist yo € Y(K) and zy €
Z(K), such that

f(X x{yo}) = {20}

Then there exists a morphism g : Y — Z, such that f = gow, wherem : X XY — Y
1s the projection morphism.

16
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Proof. Choose a point o € X and define g(y) = f(xo,y). Choose an open affine
neighborhood Uy of zy in Z. Since X is proper over K, then 7 is closed. Then
W = n(f~%(Z — Up)) is closed in Y. Then Y — W is an open set of Y, which is
nonempty, because yo € Z — W. Indeed, y € Y — W if and only if f(X x {y}) C U,.
Therefore, whenever y is a closed point of X, f maps the complete variety X x {y}
to the affine variety Uy, so it must be a constant map. Therefore, for any x € X
andy €Y,
f(z,y) = f(zo,y) = g(y) = (g o) (z, ).

This means that f and g o m agree on an open dense subset of X x Y and so they
coincide everywhere. O

Rigidity theorem allows us to express morphisms of abelian varieties as a com-
position of homomorphisms and translations.

Corollary 2.1.4. Let X and Y be abelian varieties and f : X — Y be any mor-
phism. There is a homomorphism g : X — Y and a € Y, such that f(x) = g(z)+a.

Proof. Let a = f(0). By replacing f with f — a, we can assume that f: X — Y
satisfies f(0) = 0. We will show that f is a homomorphism. Consider ¢ : X x X —
Y, defined by ¢(2,2") = f(2' + 2") — f(2') — f(2"). For fixed 2" € X, ¢(2’,2") is
independent of the choice of 2/, so ¢(a’,2") = ¢(0,2") = 0. Thus, ¢ =0 and so f is
a homomorphism.! O

Finally, we conclude that any abelian varieties are commutative.
Corollary 2.1.5. If X is an abelian variety, then X is commutative.

Proof. Consider the morphism z + x~!. It maps the identity element to itself, so
by the previous corollary, it must be a homomorphism. Thus, z 'y~ =y~ '27!, so

X is commutative. O

2.2 The Dual Abelian Variety in Characteristic
Zero

One of the main problems from the theory of abelian varieties deals with studying
the isomorphism classes of invertible sheaves on the varieties (the structure of the
Picard group). The goal of this section is to endow the group of isomorphism classes
of invertible sheaves of degree 0 on A, considered over the closure of K (or Pic’(A%))
with the structure of an abelian variety over K. We will call this variety AV the
dual of A (or the Picard variety A).

! Although we used additive notation for the group law, we do not make any use of the commu-
tativity so far.



18

Definition 2.2.1. The dual (or Picard) variety is an abelian variety A", together
with an invertible sheaf P on A x A (called the Poincaré sheaf), such that

() Plioyxav is trivial and for each a € AV(K), P Ax{a} Tepresents the element a.
(it) For every K-scheme T' and invertible sheaf £ on A x T, such that L|g)x7 is
trivial and Ly gy lies in Pic’(Ag,) for all t € T(K), there is a unique morphism

f:T — AY, such that (1 x f)*P = L.

It follows from (7) and (éi) that the pair (AY,P), if it exists, is determined
uniquely up to unique isomorphism. Moreover, if we plug in 7' = Spec K, then we
get AV(K) = Pic’(A%).

Next, we will sketch the construction of the dual variety. We start with an

important result about invertible sheaves on abelian varieties which is proved in §6
of [16].

Theorem 2.2.2 (Theorem of the Square). Let A be an abelian variety over K
and L be an invertible sheaf on the variety A. For any point ¢ € A, we denote by
t.: A — A the translation map v — c+ x. Then

th WLRLELLRGL,
for arbitrary points a,b € A(K).?

The above theorem is very important, because it can be used to construct a
homomorphism A — Pic(A) in the following way: fix an invertible sheaf £ on A
and define a map

¢wr: A— Pic(A), a—~tLR LT

The theorem of the square implies that
i LOLTTEELOL) @ ML LT,

S0 o, is a homomorphism.
Next, we will show that the image of ¢, is contained in the subgroup Pic%(A) -
the subgroup of isomorphism classes of invertible sheaves of degree 0. To check this,

it suffices to check for any a € A(K) and b € A(K),
tu(pe(0)) = pe(b).
This follows, since
ta(pc(b) =t (L@ L) =t L (t,L) 7

The theorem of the square implies that the last sheaf is isomorphic to t;£ ® L7} =
¢ (b). Therefore, . (b) € Pic’(A) and we are done.

2By t: L we mean the pullback of the sheaf L under the map t.: A — A.
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Our next goal is to view Pic’(A) as an abelian variety, which is a quotient of
A. So far, we did not make any extra assumptions about the sheaf £. It turns out
that if £ is chosen to be an ample invertible sheaf and if K is algebraically closed,
then ¢ : A — Pic’(A) is surjective. This would allow us to endow Pic®(A) with
a structure of an abelian variety. The result is contained in the following theorem,
which follows from Prop. 10.1 of [16].

Theorem 2.2.3. If £ is an ample invertible sheaf, then the map ¢ : Ax(K) —
Pic®(A%) is surjective.?

Since abelian varieties are projective (for a complete proof, see []), then there
exists an ample invertible sheaf £ on A. We use L to define invertible sheaf £* on
A x A in the following manner

L =m'LorLeml

where m : A x A — A is the multiplication map and 7; and 7w, are the projections
on the first and the second coordinates of A x A, respectively. It follows immediately
that £*[;0yxa = L& L', which is trivial. Moreover, L*|ax(s} = t:LO L7 = @, (a),
which (as we already saw) is an element of Pic®(Az). Thus, each element of Pic®(Az)
is represented by L*| 4x(q} for a finitely many a (at least one such a). Thus, if (A, P)
exists, then there is a unique isogeny ¢ : A — AV, such that (1 x ¢)*P = L*.
Furthermore, ¢ = ¢ .

If the characteristic of K is zero, then we know precisely the kernel of ¢, as
a finite group subscheme of A. Indeed, it is determined by its underlying set K,
with its reduced subscheme structure. Therefore, in this case we have AY = A/ K.
Moreover, K, acts on L* over A x A by lifting the action on the second factor. If we
form the quotient, we obtain a sheaf P, such that (1 x ¢.)*P = L*. This is pretty
much the construction of (AY,P). A proof that this pair satisfies the conditions in
the definitions is presented in [19].

2.3 The Dual Isogeny and the Dual Exact Se-
quence

In the previous section, we explained how to dualize abelian varieties. The next
important construction is the dualization of homomorphisms of abelian varieties.
Suppose that f : A — B is a homomorphism of abelian varieties and consider
the induced map [V : Pic B — Pic A on isomorphism classes of invertible sheaves
on A. Since sheaves of zero degree are mapped to sheaves of zero degree, then we
get a natural map on points ¥ : AY — BV, which is in fact a morphism. To give an
argument for the last statement, let Pp be the Poincaré sheaf on Bx BY and consider
the pullback sheaf (f x 1)*Pp, which is a sheaf on A x BY. The fact that fV is a

3By Az we mean the variety A, considered over K, ie. A= Axg K.
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morphism follows from the universal mapping property, because (f % 1)*Pp|xx (g}
represents fY(y) for any g € Y. Thus, every homomorphism of abelian varieties
induces a homomorphism on the dual varieties.

The next proposition provides a description of the dual homomorphisms to iso-
genies.

Proposition 2.3.1. Let f : A — B be an isogeny with finite kernel N. Let NV be
the Cartier dual of N. Then the kernel of the dual isogeny f¥ : BY — AV is NV,
i.e. there is a short exact sequence

0— NY = BY I 4v,

The proposition is proved in [16, §10]. This is everything that we will need from
the theory of dual isogenies for the purpose of this project.

2.4 Jacobians of Curves Over C. The Analytic
Construction.

We will motivate the notion of Jacobians by looking at how they were discovered
historically. The theory of Jacobian varieties arose from the work of Abel and Jacobi,
who were studying integrals of the form

= [ jw,

where Py and P are points on a plane curve C' : g(z,y) = 0 and w is a rational
differential on C'. The main result was the following theorem:

Theorem 2.4.1. There is an integer g, depending on C', such that if Py is a
base point and Py, P, ..., Pyy1 are arbitrary points on C, then there exists points

Q1,Q2,...,Qq, such that

P Pyy1 Q1 Qg
/ w+...+/ w:/ w+---+/ w(modpem’odsof/w)
Py Py Py Po

d
Ezxample 2.4.2. Let C = P! and w = X Then g=1and
T

/al dx /b1 dzx /“1b1 dz
— 4+ R -
1 1 T 1 x

The theorem implies that for all P, P, ..., Py, Q1,Qo,. .., Qy, there exist Ry,..., Ry,

such that

9 P 9 Qi 9 R;
Z/P w—l—Z/P w:'_/ w
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We recognize a group law in the last equation. The motivation behind the
Jacobians is that they will be the objects that will contain the information of how
to add two such g-tuples (P, ..., P,) and (Qy,...,Q,). To realize this in practice,
we will construct a commutative algebraic group J, whose points will correspond

g9 P
to the sums Z / w and whose group law will describe precisely how we add two
- Py
such sums. -

To describe precisely the above idea, let w be a rational differential on C' with
no poles. Then Abel’s theorem (theorem 2.4.1.) can be reduced to the existence of
a translation-invariant differential 7 on J and a morphism of varieties ¢ : C — J,
such that ¢*n = w. In other words,

o(P) P
/ n= / w (mod periods) .
¢(Po) P

If one integrates all holomorphic differentials at once, we will obtain the most im-
portant of all J’s - the Jacobian of the curve J(C).

Although the above discussion was pretty informal, it is helpful to at least un-
derstand the idea behind the analytic construction of the Jacobian. Since we require
that J contains information about the addition law for arbitrary holomorphic dif-
ferential w, then the map

¢:C— J(C)

should set up a bijection:
¢* : {translation invariant 1-forms on J(C)} — {holomorphic differentials w on C'}

From here, we can conclude that dim J(C) = dimcH(C, Q') = g, where g is the
genus of C'.

In order to construct J(C) analytically, we have to write it as J(C) = V/L,
where V' is a C-vector space and L is a lattice. Let V' be the dual space to the space
of holomorphic differentials, i.e. V := H°(C,Q)*. The lattice L will be the period
lattice, i.e.

L:= {l eV l(w) = /w for some 1-cycle fy}
0

In other words, L can be identified with the integral homology H;(C,Z). The map

¢ : C — J(C) will be defined as follows: fix a base point P, and let ¢(P) be the
P

image in V/L of any [ € V| defined by [(w) = / w, where we fix a path from P,

Py
to P.
Since J(C) is a group, it is not hard to verify that

V* = {transl. invariant 1-forms on J(C)} = H°(C,Q'),
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which is precisely what we want. Thus,
J(C) = H(C(C),Q")*/H:(C(C), Z).

For more formal discussion, the reader is suggested to look at Chapter III of [20],
or §2 of [18].

2.5 Jacobians of Curves Over Arbitrary Fields.
Weil’s Construction.

This chapter only sketches Weil’s construction of the Jacobian of a curve, since a
thorough discussion of then construction would be beyond the volume of this senior
thesis. More details are presented in [18].

The formal definition of the Jacobian of a curve is an abelian variety which
represents the Picard functor for that curve. More precisely, let C' be a complete,
nonsingular curve, defined over k with positive genus g > 0. One can consider the
group of degree 0 divisor classes of C' (under linear equivalence), which we denote by
Div?(C). According to [11, I1.6], each invertible sheaf £ on C is of the form £(D)
for some divisor D, and D is uniquely determined up to linear equivalence. The

degree of the divisor D = Z n; P; is defined as deg(D Z n;[K(P;) . Hence,

i=1
we can define the degree of the invertible sheaf £ as deg(ﬁ) = deg(D), where D is

a divisor, such that £ = L(D).

Let T be any connected scheme over the ground field K and M be an invertible
sheaf on T'. If ¢ : C' x T'— T is the projection map on the second coordinate, then
q*M is a trivial sheaf, in the sense that (¢*M); = Og, for any t € T'. Therefore, we
can consider the group of all invertible sheaves £ of degree 0 on C' x T" modulo the
trivial sheaves. Consider the functor

PY(T) :={L € Pic(C x T)|deg(L;) =0Vt € T}/q* Pic(T).

Definition 2.5.1. The Jacobian variety J is an abelian variety defined over K,
which represents the functor P2, whenever C(T) # @.

Weil’s original idea for constructing the Jacobian of a curve C was to consider
the g-th symmetric power

SIC=Cx---xC/S,
and to construct by the Riemann-Roch theorem, a partial group law on S9C| i.e.

mIU1XU2—>U3,
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where U; C S9C' is a Zariski-open set. Then he showed that such a partial group
law extends automatically into an algebraic group J with S9C' D Uy C J for some
Zariski-open Uy.

The formal details of Weil’s construction are presented in [18]. One of the main
properties of Jacobians that we will be using quite often is that they are self-dual,
le. JY =J.



Chapter 3

Modular Abelian Varieties
Attached to Newforms

In this chapter, we provide an important construction of two abelian varieties, asso-
ciated to a given newform f € Sy(I'o(IV))"". One of the varieties is a quotient of the
modular Jacobian Jy(/N) and the other one is a subvariety. In fact, the two abelian
varieties are dual to each other. Shimura first associated such abelian varieties to
newforms, although his construction is rather different from the one presented here.
We describe the construction in a much more explicit way, in terms of the action of
the Hecke operator on the modular Jacobian. The subvariety is obtained directly
from the dual, using a more general result about optimal quotients.

3.1 Hecke Operators as Correspondences

Consider the modular curve Xo(N) and let p f N be a prime. There are two
degeneracy maps «, 3 : Xo(pN) — Xo(IN) which can be defined in two different
ways.

One interpretation of the noncuspidal points on the modular curve Xy(N) over
C is as isomorphism classes of pairs (£, ('), where E is an elliptic curve and C' is
a cyclic subgroup of F(C) of order N (see [23, Appendix C §3]). Consider a pair
(E,C), where C'is a cyclic subgroup of order pN. Since p{ N, then C' = C' @ D,
where C’ is a cyclic subgroup of order N and D is a cyclic subgroup of order p.
Moreover, the subgroups C’ and D are unique. Thus, we can define the degeneracy
maps

a: (E,C)— (E,C)
g:(E,C)— (E/D,(C+ D)/D)

An equivalent construction can be obtained by viewing Xo(N) and Xo(pN) as
quotients of the upper-half plane. In this case we will not worry about the cusps,
since any rational map between nonsingular curves extends uniquely to a morphism.

So, we look at T'o(N)\bh and T'o(pN)\b.

24



25

Since I'g(pN) C I'y(N), then there is a natural map

a’: To(N)\b — To(pN)\b.

It is not hard to verify (by tracing the definitions) that o and o’ represent the same
map.

The equivalent way of defining [ is as follows: note that there is an inclusion
Lo(pN) < T'o(NV), defined by

—1
0 0
X — P - X P
01 01
We can use this inclusion to construct a map between the quotients of the upper
half plane:

-1

To(pN)\h =~ [g i’]ro(pzv)[f) 2] \b — Ty(N).

Again, one checks immediately that this definition agrees with the one given in terms
of the parametrization interpretation.
Thus, we have a correspondence

We can recover out of this correspondence the pullback and push-forward maps
on divisors. Consider the induced map

a* : Div(Xo(N)) — Div(Xo(pN)).

The preimages of the prime divisor (E,C) under « are all (E,C @ D), where D is
a cyclic subgroup of F of order p. Therefore

o (E,C)— Z(E,C’ ® D),

D]

where the above sum runs over all cyclic subgroups of E of order p. Similarly, we
recover the push-forward map (. : Xo(pN) — Xo(N): if (E,C") is a point Xo(pN),
then C’ can be written uniquely as C' @ D, where C' and D are cyclic subgroup of
E of orders N and p, respectively. Then

By (E,C® D)~ (E/D,(C+ D)/D).
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Consider ¢ := (3, o a*. Then ¢ is a map ¢ : Div(Xy(N)) — Div(Xy(V)). Since ¢
multiplies the degree of a divisor class by the degree of the map «, then it restricts
to a map Div’(Xy(N)) — Div®(Xo(N)). This is precisely how one obtains the Hecke
operator T, on Jo(IV). In other words, we define T}, := ¢[p;0(x,(n))-

Notice that it is possible to define the Hecke operator on modular forms from
the above correspondence. Indeed, recall that So(To(N)) = H(X,(N),Q'), where
the isomorphism is given by f(z) — f(2)dz. Indeed, if f(z) is a modular form of
weight 2 for I'o(N), then the differential f(z)dz is I'g(N)-invariant. Since o and 3
induce maps on differentials, we have a composition

HO(Xo(N), ) 25 HY(Xo(pN), Q1) 25 HO(Xo(N), QY).

Thus, we have an operator 7, on the space of cusp forms Sy(I'g(N)) for all p f N.
Moreover, the two operators define compatible actions on the space of differentials
and on the modular Jacobian, because we can consider the modular curve Xo(N)
over C and since the Jacobian is then

Jo(N)(C) = H*(Xo(N)(C), )"/ Hi(Xo(N)(C), Z).

But H°(Xo(N)(C), ) is the space of differentials, so we obtain the compatibility
of the actions.

3.2 Constructing an Abelian Variety A, as a Quo-
tient of Jy(N)

In the previous section, we defined Hecke operators on the modular Jacobian Jy(N)
and on the space of holomorphic differentials H(Xy(N),$2;) and showed that the
two actions are compatible, i.e the two Hecke algebras are in fact isomorphic. We
want to associate an abelian variety to a newform f of level N. Before proceeding,
we need one more definition

Definition 3.2.1 (Optimal Quotient). Let J be a Jacobian of a curve, A be an
abelian variety and 7 : J — A be a smooth, surjective morphism. We say that A is
an optimal quotient of J if the kernel of 7 is connected.

Suppose now that f = Z a,q" is a newform of level N and weight 2. Consider

n=1
the ideal I; = ker(¢), where ¢ : T — Ky sends T,, — a,. It is not hard to check
that Iy is also the annihilator of f. We saw that the Hecke algebra acts on both
So(T'o(NV)) and Jo(N), so the ideal I acts on Jo(N).

Proposition 3.2.2. (i) I;Jy(N) is strictly contained in Jo(N), so the quotient va-
riety

Af = Jo(N>/IfJO(N)
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1S MONZEro.
(11) The variety Ag is an optimal quotient of Jo(N) of dimension [K¢ : Q).

The key idea for the proof is the following

Lemma 3.2.3. Let Tc = T ® C. There exists a perfect Hecke-compatible pairing
T(C X SQ(F()(N)) — C.
In particular, Hom(S2(I'o(N)),C) and T¢ are isomorphic as Tc-modules.

Proof. Define a pairing
Qo T(C X SQ(F()(N)) — C

as (T, f) := a1 (Tf), where a;(f) returns the first coefficient in the Fourier expan-
sion of the modular form f. We claim that this pairing is nondegenerate. Suppose
that there is a cusp form f, such that a(7, f) = 0 for any operator 7" in the Hecke
algebra Tc. In particular, (7, f) = 0 for each n. But one can figure out exactly

o0
the Hecke action on g-expansions, namely if f = Z anq", then

n=1

> " +p> ang™ ifptN
Tpf — nO:ol n=1
Z apnq" ifp| N

n=1

so the formula implies that a;(7,,, f) = a,. Thus, a, = 0 for each n, so f = 0.

To show nondegeneracy on the right, suppose that T" is an operator, for which
a(T, f) = 0foreach f € S5(I'o(N)). Then for all n and all cusp forms f, (7T, T, f) =
0. But (T, 10, f) = a1 (T(T0f)) = a1 (T,(T'f)), because the Hecke algebra is commu-
tative. By the Hecke action on Fourier expansions, we notice that ai(7, f) = a,(f)
for arbitrary cusp form f, so it follows that 0 = (7T, T, f) = a,(Tf) for all n, i.e.
Tf = 0. Thus, T Kkills all cusp forms and so 7" = 0. Therefore « is a nondegener-
ate pairing. Finally, we have to prove that the pairing « is Hecke equivariant, i.e.
a(T, T, f) = a(T,T,f). But this follows from the definition, using that the Hecke
algebra is commutative.

Finally, it follows from the perfect, Hecke-equivariant pairing a that

Hom(S3(Iy(N)),C) = T¢
as Tc-modules.

Proof of Proposition 3.2.2. (i) The most difficult part is to show that I;Jo(N) C
Jo(N). To do this, we consider the variety Jo(N) over C and then

Jo(N)(C) = HY(Xo(N), Q)" /Hy(Xo(N), Z).
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The idea is to reduce the statement to showing that I;Tc C Tc, which is easy
to prove (in particular, T¢/I;T¢c = Ky ® C, where K is the Hecke eigenvalue
field). The first step in this reduction is to notice that it is enough to check that
I;HY(Xo(N), QY € HY(Xo(N),Q2Y)* (e.g. by counting dimensions of vector spaces
and using the fact that Jo(N)(C) and I;Jo(NN)(C) are obtained by taking modulo
one and the same lattice Hy(Xo(N),Z)). Next, using the correspondence between

differentials on Xo(/N) and cusp forms, explained in the previous section, we have

H°(Xo(N), Q') = Sy(Ty(N)) as Te-modules, so
H"(Xo(N),Q')" = Hom(S2(T(N)), C),

as Tc-modules. Finally, by using lemma 3.2.3, Hom(S2(I'g(N)),C) is isomorphic
to T¢ as Te-module, so we reduced the question to proving that the Tc-module
Tc/I;Tc is nonempty. But Te/ITe = Ky ® C, so the result follows.

(1) To see that IyJo(IN) is connected, note that each Hecke operator 1" : Jo(N) —
Jo(N) defines a morphism. Thus, the image T'(Jo(NN)) is an abelian variety. To see
this, note that the image of an abelian variety under a morphism is a group variety.
Moreover, since connected sets are mapped to connected sets via continuous maps,
then T'(Jo(N)) is connected and therefore an abelian variety. Finally, the theorem
will follow if we show that the sum of two abelian subvarieties of an abelian variety
is an abelian subvariety. Indeed, let A and B be abelian subvarieties of Jy(IV).
Consider the map

A x B = Jy(N),

defined by (a, b) — a+b. Since this map is a morphism then its image is an abelian
subvariety, i.e. A+ B is an abelian subvariety. Therefore, I7Jy(N) is an abelian
subvariety of Jo(/N) which shows that Ay is an optimal quotient. O

3.3 The Dual Abelian Variety as a Subvariety of
Jo(N)

So far, we constructed an optimal quotient Ay of Jo(IN). The dual variety A]vc is an
interesting abelian variety. The remarkable property it has is that it can be viewed
as a subvariety of Jy(N). Thus, one can associate to each newform f two isogenous
abelian varieties - the optimal quotient Ay and the subvariety A}/.

The main goal of this chapter is to construct the morphism, which makes AJVC a
subvariety of Jo(NV).

First of all, Jacobians of curves are self-dual, i.e. JY = J. Moreover, they
come equipped with a canonical, principal polarization 6; : J — J, which satisfies
0y =0,.

Let 7 : Jo(N) — Ay be the quotient map. Consider the dual map 7V : A} —
Jo(N) and compose it with € ,(ny. Thus, we get a morphism

Vv aJO(N)
_—

AY T Ty (N)Y Jo(IV).
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The fact that the dual morphism is a closed immersion follows from the following
more general statement

Proposition 3.3.1. Let J/K be a Jacobian and 65 be the canonical polarization of
J. Suppose that w: J — A is an optimal quotient. Then the morphism

AV g g

18 a closed immersion.

The key idea in the proof of the statement is that for any abelian variety A, the

group A(K) is divisible.
Definition 3.3.2. We say that an abelian group G is divisible, if for any element
x € G and any positive integer n € Z, there exists y € GG, such that x = ny.

One can see that G is divisible, if and only if the homomorphism [n] : G — G is
surjective for each n € N.

Ezample 3.3.3. A nontrivial example of a divisible group is the group of K-rational
points on an elliptic curve F, defined over a number field K, since for any point
P € E(K) and any integer n, one can choose a point Q € E(K), such that nQ = P
(because one can recover the group law from the Weierstrass equation of the curve).

More generally, for abelian variety A over a number field K, the group A(K) is a
divisible group. This fact is proved in [19].

Example 3.3.4. No nontrivial finite group is divisible. Indeed, if G is a finite group
and x € G is a nontrivial element of order n, then [n| : G — G has a nontrivial
kernel. In particular, it is not surjective and thus G is not divisible.

We will also use the following

Lemma 3.3.5. Let f: B — A be a surjective morphism of abelian varieties. The
dual morphism f¥ : AV — BY has finite kernel.

Proof. We will use that the “double dual” functor is the identity on the category of

abelian varieties. This is a nontrivial result from the theory of abelian varieties. A

very ellegant proof, which makes use of the Poincaré sheaves is presented in [].
Consider the abelian variety C = fY(A) C BY. We have the composition

AV — C — BY.
We can dualize this composition to get
B —(CY — A

Since the double dual is the identity, the composition of the two maps is f, which is
surjective. Hence C¥ — A is surjective. Hence, dim(C) = dim(C") > dim(A). But
AY — C is surjective, since C' is the image of AY under fY. Therefore, dim(A) =
dim(AY) > dim(C). Thus, dim(A) = dim(C), so f¥ has finite kernel. O
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Proof of Proposition 3.5.1. Tt suffices to show that 7 is injective, since #; is an
isomorphism and any monomorphism between smooth schemes of finite type is a
closed immersion. Since the dual of 7V, which is 7 is surjective, then 7¥ must have
a finite kernel, according to lemma 3.3.5. Let G = ker(w"). Let C' = im(7"). Then
AY — (' is an isogeny. Let G be the kernel of this isogeny. One has the following
commutative diagram

G—AY——=C

N

J

After dualizing the diagram, we obtain

GV =——A~—CV

BN

J

where GV is the Cartier dual of G. Since G is finite, then GV is also finite, so
the kernel of the map ¢ : J — CV is a finite index subgroup of the kernel of
m:J — A. But ker(n) is an abelian variety, so it is a divisible group. This
means that any quotient of ker(r) is divisible as well. Therefore, the finite quotient
ker(m)/ker(p) is divisible. But no finite group is divisible, so G must be trivial.
Therefore, 7¥ : AY — J is a closed immersion. O



Chapter 4

Visibility Theory

The main goal of this chapter is to introduce and study a subgroup of the Shafarevich-
Tate group, which is called the wvisible subgroup and was first introduced by B. Mazur
[7]. One of the reasons why this subgroup is interesting to study is that it is always
a finite subgroup of the Shafarevich-Tate group, so in particular, it can be used to
produce elements of finite order. Another strong motivation to look at the visible
subgroup is the fact that every element of the Shafarevich-Tate group can be visu-
alized somewhere (the visualization theorem). We provide a method (the visibility
theorem) for producing visible elements of the Shafarevich-Tate group.

4.1 Visible Subgroups of H!(K, A) and II(A/K)

Suppose that A and J are abelian varieties, defined over a number field K and let
i : A — J be a morphism of abelian varieties over K.}

Definition 4.1.1. The wvisible subgroup of H'(K, A) with respect to 7 and J as
Vis? (H'(K, A)) := ker {H'(K, A) — H'(K,J)},
where H'(K, A) — H'(K,J) is the map on cohomology, induced from 7.2

The notion is useful, because it relates to the geometric interpretation of the
elements of H'(K, A) as elements of the Weil-Chatelet group in the case when A is
a subvariety of J, i.e. when the morphism 7 : A — J is a closed immersion. To see
the relation, consider the short exact sequence of abelian varieties

0—-A—J—-C—0,

'Note that J is not necessarily a Jacobian of a curve. The only reason we use the letter J is that
in most of the computational examples that we will provide later on, we will be using Jacobians
of modular curves.

2In some papers, no superscript (i) is used. The only reason we use it here is because we do
not necessarily require that the morphism 7 be an embedding.

31
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where C'is the quotient J/A. Write the long exact sequence on Galois cohomology
0— AK) — J(K) — C(K) - H'(K,A) — H\(K,J) — ....

Using the definition of the visible subgroup, we can extract the following short exact
sequence

0 — J(K)/AK) — C(K) — Vs (H'(K, A)) — 0.

Let ¢ be a visible cohomology class. Then there exists a K-rational point = € C(K),
which maps to ¢. The fiber over x for the map J — C'is a subvariety of J, which
when equipped with the natural action of A becomes a principal homogeneous space,
and therefore represents an element of WC/(A/K). This element corresponds to the
cohomology class c. Thus, the element x € C'(K) visualizes the cohomology class c.
The following statement follows almost directly from the above remarks.

Corollary 4.1.2. For any embeddingi : A — J, the visible subgroup Visf,i)(Hl(K, A))
1s finite.

Proof. The group H'(K,A) is a torsion group, and C(K) is finitely generated,
so the surjectivity of the homomorphism C(K) — VisS”(H (K, A)) implies that
Visy)(Hl(K, A)) must be finite. O

Next, we define the visible subgroup of III(A/K’) with respect to the morphism
1:A—J.

Definition 4.1.3. The wisible subgroup of III(A/K) with respect to the map i is
defined as . A
Vis?(A) := Vis{ (H' (K, A)) N III(A/K).

The above corollary implies that the visible subgroup of III(A/K) is always
finite.

4.2 The First Property of Visibility

The first interesting property, related to visibility is the fact that each element
of H'(K,A) becomes visible for some abelian variety J and a closed immersion
1:A—J.

Theorem 4.2.1 (Visualization Theorem). Let c € H' (K, A) be any cohomology
class. Then there exists an abelian variety J and a closed immersion i : A — J,

such that ¢ € Vis? (HY (K, A)).

An essential ingrediant of the proof will be the existence of Weil restriction
of scalars. We will sketch the important points of the construction. A thorough
discussion of this subject is presented in [3, §7.6].
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Proposition 4.2.2. Suppose that L/K is a field extension of number fields.> Let
X' be a scheme of finite type over L. There exists a scheme X of finite type over
K, such that the scheme X represents the following contravariant functor

Resr k(X') : (Sch/K) — {Sets}, S+ Homp(S xx L, X).

Moreover, smoothness is carried over from the scheme X'/L to X/K, i.e. if X' is
smooth, then so is X. We denote the scheme X by Resp/(X').

Before proceeding further, we will explain the intuition behind the construction
of Weil Restriction of scalars. For simplicity, we will work with varieties over fields,
and even the simpler case of elliptic curves. Consider the elliptic curve

E:YZ=X*+X7*+27°

over the number field K = Q(+v/5). The goal is to construct a variety over Q, whose
Q-rational are in one-to-one correspondence to the K-rational points of E.

First, it suffices to look at the affine patch, corresponding to Z # 0 and to
construct the restriction of scalars only for that patch. So we can assume Z = 1,
X =z and Y = y. One can use the following idea: choose any Q-basis for K,
e.g. {1,V/5} and write = x1 + V5xy, y = 41 + V5yo for some indeterminates
x1, %2, Y1, Ye. After plugging x and y into the Weierstrass equation and equating the
coefficients in front of the elements of the basis, we get the variety

X = (2} +bx12s — Yy — 5y5 + a1 + 1, 32329 + 52 — 29190 — 12)

defined over Q whose Q-rational points are in one-to-one correspondence with the
K-rational points on the affine patch of the elliptic curve E fixed above. Indeed, we
have the correspondence (z,y) «~ (21, 22, Y1, Y2).

This example strongly suggests how one can generalize the construction for arbi-
trary schemes of finite type. We will only sketch the construction. For more formal
and rigorous treatment of the existence of Weil restriction of scalars, we refer the
reader to [3, §7.6].

Sketch of Construction: Let [L : K] = n. We can reduce the question to the case
when X is affine (for the general case, we glue local data), i.e.

X' = Spec Ly, va, .-, uxl/I.
Let I = (f1, fa, ..., fs) for polynomials f; € L[y, ..., yx]. Choose a basis {ey,...,e,}
of L/K and write y; = injej, where z;;’s are indeterminates. We express the

j=1
coefficients of the f;’s as linear combinations of the basis elements. Next, we plug the

3The same argument applies for the general case, but since we will be considering abelian vari-
eties over number fields, we will not worry too much about the general case.
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y;’s into each of the polynomials f; and after using the multiplication table for the
basis {ey, ..., e,} and taking the coefficients in front of each of the basis elements, we
obtain n polynomials ¢;1, gi2, - - . , gin, from f;, such that ¢;; € K[z11,...,Z1p, ..., Tgnl.
Consider the ideal J = <gij>f:1?:1 and look at the scheme

X = Spec K[z11,. .., %]/ J.

We claim that X represeents the functor Resy, x(X’). All we have to check is that
for any K-algebra A, there is a bijection

Homp (Spec A @k L, X') — Homg (Spec A, X),

which is functorial in A.# But this is easy to check from the definition of X, because
it is equivalent to construct a bijection

HomL(L[y17y27 s ayk]/I7A XK L) - HOHIK(K[QM, Y12, - - -5 Yiny - - - ykn]/Ja A)?
which can be constructed explicitely.® O

We are now ready to give a proof of the visualization theorem. This proof was
discovered recently by William Stein and the author and makes an explicit use of the
simple transitive action of an abelian variety on its principal homogeneous spaces.

Proof of Theorem 4.2.1. Recall that a cohomology class ¢ € H'(K, A) is trivial if
and only if the corresponding principal homogeneous space C' to ¢ has a K-rational
point. Intuitively, to trivialize ¢, it is enough to consider an extension L/K, so
that C' has an L-rational point. After choosing such an extension L/K, we obtain
resy i (c) = 0, where resy /i : H'(K, A) — H'(L, A) is the restriction map on Galois
cohomology.

Let C/K be a principal homogeneous space (a torsor) for A/K, such that the
class [C] € WC(A/K) corresponds to the element ¢ € H'(K, A). Let AxC — C be
the simple, transitive action of A on C.% Let P € C(L) be the L-rational point. We
can define a morphism ¢ : A, — Cp be the morphism, defined by p(a) = a ® P.7
Since A acts simply transitively on C, then ¢ is an isomorphism. Let ¢ = ¢!

The first important step of the proof is to recover the group law on Ay in terms
of the morphisms ¢ and . The main idea for proving this is to use rigidity theorem
for abelian varieties. Define a morphism

(ﬁZALXAL%AL

by ¢(a,a’) = ¥(a ® p(a’)). We compute ¢(a,0) = ¢(a ® P) = a. Also, ¢(0,a) =
(0@ p(a)) =Y (a® P) = a. Therefore, if uy : A, x Ay — Ap is the multiplication
map, then ¢ — puy, satisfies the hypothesis for the rigidity theorem, therefore ¢ = .

4‘Hompg denotes morphisms of schemes over K

5In this case Homy denotes homomorphisms of K-algebras

In order to avoid confusion with the group law on A, we denote the action of A on C by .
7If X is a scheme over K and L is an extension of K, then X will denote the scheme X X L
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Let J = Resp/x(Ar). The isomorphism v : C;, — Aj induces an inclusion
C(K)— C(L) = AL(L) = J(K) and the identity morphism id : A, — Ay induces
an inclusion A(K) — Ap(L) = J(K). These inclusions correspond via Yoneda’s
lemma to injective morphisms A — J and C' — J. Since these morphisms are
proper, then [9, §8.11.5] implies that they are closed immersions.

Since A is defined over K, we may view J;, as a product of n copies of Ay, i.e.

= HAL.
=1

The closed immersion C' — J base extended to L gives a morphism C; — Jp. This
morphism is the map, sending

T (¢1($)’¢2(x)’ s ,@/)n(l')),

where 1; : C, — Ap are the conjugates of ¢ : C', — Ap, obtained by applying the
n different embedding L — K to 1, which fix the field K. Note that each of the
1;’s is a morphism C', — Ap, since both C' and A are defined over K.

We claim that the image of C, inside Jy, is a translate of A;. The morphism

Ap — Jp = H Ay is precisely the diagonal embedding. To determine the image of

=1
C', we consider the morphism

AL i) CL — HAL,
=1

which maps @ — (¢((a)), ¥2((a)), . .- a((a)). The image of a € A(E) is
the unique b, such that b @ 0;(P) = a & P. But the action is transitive, so we get

(=b+a) ® P = 0;(P), which means that b = a — ¥(0;(P)). This shows that the
image of C, in Jy, is a translate of Ay, by (—¢(01(P)), —¢(02(P)), ..., —¢(o.(P))),
so we are done. O

4.3 Producing Upper Bound on the Visibility Di-
mension

The theorem from the previous section gives rise to an interesting question, relating
the order of a cohomology class ¢ and the minimal dimension of an abelian variety
J, for which ¢ is visible, under a closed immersion 7 : A — J.

Definition 4.3.1. Let ¢ € H'(K, A). The wvisibility dimension of ¢ is the minimal
dimension of an abelian variety J, such that ¢ € Vis(JZ)(H (K, A)).

First of all, we produce an upper bound for the visibility dimension of a cohomol-

ogy class ¢ € H'(K, A), in terms of the order n of that element and the dimension
of A.
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Lemma 4.3.2. Suppose that G is a group and M is a finite G-module. Let ¢ €
HY(G, M) be any cohomology class. Then there is a subgroup H C G, such that the
restriction of ¢ to H'(H, M) is trivial and |G : H) < |M]|.

Proof. Consider H = ker(f), where f : G — M is any representative of the coho-
mology class ¢. The map f satisfies the cocycle condition

floT) =af(r) + f(0).

Clearly, the restriction of ¢ to H'(H, M) is trivial. To bound the dimension, we
construct an injection G/H — M, by sending 7H — f(7). By the definition of H,
this map is well defined. Suppose f(o) = f(7). Then, the cocycle condition

f(r) = flo(e™'7)) = af(o7"7) + f(0).

Thus, of(c7'7) = 0, i.e. f(o~'7) = 0, which means that c~'7 € H. This proves
injectivity of the map G/H < M, and so the bound follows. O

Proposition 4.3.3. The visibility dimension of any c € HY(K, A) is at most d-n??,
where n is the order of ¢ in H' (K, A) and d is the dimension of A.

Proof. 1t follows from the proof of the Visualization Theorem (Theorem 4.2.1) that
the dimension of J, which was constructed using Weil restriction of scalars is at
most [L : K]-dim A. Thus, we need an upper bound for the degree of the extension
[L : K]. To get this, consider the surjective map H'(K, A[n]) — HY(K, A)[n],
which is induced from the long exact sequence on Galois cohomology. Since ¢ €
H'(K, A)[n], it suffices to trivialize one of its preimages. By the above lemma, there
exists a finite index subgroup of Gal(K /K) (which by Galois theory corresponds to
some field extension L/K), such that c is trivialized in H'(L, A[n]) and the index
of the subgroup [L : K] is at most |A[n]| = n??. Thus, one can choose L, so that
[L: K]-dim A <d-n?! sowe get an upper bound for the dimension. O

4.4 Smooth and Surjective Morphisms

4.4.1 Flat, Smooth and Etale Morphisms

In order to make sense of the notion of continuous family of schemes, we need to
introduce the notion of flatness.

Recall from commutative algebra that a morphism f : A — B of rings is flat if
the functor M — M ®4 B from A-modules to B-modules is exact. Since flatness
is a local property, in order to check that f is flat, it suffices to check that the
homomorphism of local rings A¢-1(m) — By, is flat for every maximal ideal m C B.

Definition 4.4.1. A morphism ¢ : Y — X of schemes is flat, if the homomorphisms
of local rings Ox () — Oy, is flat for every y € Y.
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Example 4.4.2. Any finite, surjective morphism f : X — Y of nonsingular varieties
over algebraically closed fields is flat.

The notion of flatness corresponds to continuous family of manifolds in differen-
tial topology. Indeed, ¢ : Y — X being flat implies that all points x € X, such that
¢~ !(x) is nonempty behave like regular values, i.e. if Y, := ¢~!(x), then

dim Y, =dim Y — dim X.

Next, we use the notion of flatness to define the relative notion of nonsingular
varieties.

Definition 4.4.3. A morphism ¢ : Y — X of schemes of finite type over a field k
is smooth of relative dimension n, if:

(1) @ is flat;

(2) if Y/ CY and X’ C X are irreducible components, such that ¢(Y’) C X’ then

dim Y’ = dim X' + n;
(3) for each point y € Y, one has
dimk(y)(Qy/X X ]{f(y)) =n.

Ezxample 4.4.4. If Y = Spec k and k is algebraically closed, then X is smooth over
k of relative dimension n if and only if X is regular of dimension n. In particular,
if X is irreducible and separated, then X is smooth if and only if X is a variety.

Finally, we can define the notion of an étale morphism.

Definition 4.4.5. A morphism ¢ : Y — X is called étale if it is smooth and of
relative dimension zero.

FExample 4.4.6. Open immersions are smooth morphisms of relative dimension zero,
so they are étale.

4.4.2 Henselian Rings and Strictly Henselian Rings

We start by introducing a special class of rings R, called henselian rings. Roughly
speaking, those are rings, for which the Hensel lemma is true.

Definition 4.4.7. Let R be a local ring with residue field k. The ring R is called
henselian if, for every monic polynomial P € R[T], all k-rational zeros of the residue
class P € k[T] lift to R-rational zeros of P. If, in addition, the residue field k is
separably closed, the ring R is called strictly henselian.

The following statement deals with some properties of strictly henselian rings.
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Proposition 4.4.8. Let R be a local ring. The following are equivalent:

(1) R is a strictly henselian ring.

(2) For all étale morphisms f : X — Spec R and for all points x € X, such that
f(z) = s is a closed point of Spec R, there exists a section u : Spec R — X (i.e.
S-morphism), such that u(s) = x.

Proof. The proposition follows from [10, §18.8.1]. O

4.4.3 Surjectivity of [n] : G(R) — G(R)
The main goal of this whole section is to prove the following theorem:

Proposition 4.4.9. Let A be an abelian variety over a field K, which is the residue
field of a strictly henselian discrete valuation ring R. Let v € A(K), such that the
reduction of x lies in the identity component of the closed fiber of the Néron model
A of A. Then for any integer n, prime to the residue characteristic of R, one has

r € nA(K).

We start by several technical lemmas which will be used in the proof of the
proposition.

Lemma 4.4.10. Let G be a smooth, commutative group scheme of finite type over
an arbitrary base scheme S. Let n be an integer which is not divisible by the residue
characteristic of the local ring at every point s € S. Then the multiplication by n
morphism ng : G — G s étale.

Proof. The lemma follows from Lemma 2(b) of 3, §7.3]. O

Lemma 4.4.11. Suppose that U C G is an open dense group subscheme of G. Then
U=d¢G.

Proof. Since the underlying topological spaces for G and G x g K are the same, it
suffices to prove the statement for a commutative group scheme G over a field K.
Let G be a commutative group scheme over a field K. It suffices to prove that
Gxxg K= (UxgK)-(VxgK). Therefore, one can assume that K is algebraically
closed. In this case, it suffices to prove that U contains all closed points of G.
Indeed, U contains all generic points; otherwise U¢ will be the closure of a generic
point, which is impossible.

Suppose that x € G is a closed point. Since K is algebraically closed, then z is
rational, so U and U -z are both open. Thus, they have at least one common closed
point v, so there is u € U, such that ux = v, ie. x =u v € U. O

Lemma 4.4.12. Suppose that G is a finite-type commutative group scheme over a
strictly henselian local ring R and the fibers of G over R are geometrically connected.®
The multiplication map by n map

[n] : G(R) — G(R)

8 We say that a scheme X over a field K is geometrically connected if X X i K is connected
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is surjective when n € R*.

Proof. Choose a point € G(R). Then z corresponds to a morphism x : Spec R —
G. Form the following pullback diagram

YmJ>SpecR
G—2>@q

The surjectivity of [n] : G(R) — G(R) will follow if we prove that there is
a section Spec R — Y,. Indeed, note that Spec R — Y, — G corresponds to a
R-rational point on G, which is mapped to z € G(R) under ng.

Since R is strictly henselian and by Proposition 4.4.8, it suffices to prove that
Y, — Spec R is étale and the closed fiber of Y} is nonempty. The last two statements
would evidently follow if we prove that ng : G — G is étale and surjective. Etaleness
follows from Lemma 4.4.10. The surjectivity of ng follows from the fact that the
image of ng must be an open, dense subgroup scheme, so by Lemma 4.4.11 the
morphism ng must be surjective. O

Lemma 4.4.13. Let X be a connected scheme over an arbitrary field K. Sup-
pose that there exists at least one K-rational point of X. Then the scheme X is
geometrically connected (i.e. the scheme X X K is connected).

Proof. This is proved in [8, §4.5.13]. O

Proof of Proposition 4.4.9. According to the basic properties of the Néron model,
A(K) = A(R). The image of x € A(K) under this isomorphism is a point of A°(R).
Since A°(R) is connected and has a R-rational point, the fibers of A° over Spec (R)
are geometrically connected by Lemma 4.4.13. Therefore, we can apply Lemma
4.4.12 to obtain that the multiplication by n map [n] : G(R) — G(R) is surjective.
This gives us a point z € A(K), such that nz = z and we are done. O

4.4.4 Surjectivity of the Induced Map on Generic Fibers

Here we discuss the last bit of algebraic geometry that will be needed for the main
result in this chapter. Suppose that A and B are commutative, smooth, group
schemes over strictly Henselian local ring R, which are the Néron models of abelian
varieties A and B (both defined over the fraction field K of R) and ¢ : A — B is
a morphism. We discuss a condition for ¢, under which the induced map on the
generic fibers is always surjective.

Proposition 4.4.14. Suppose that ¢ : A — B is smooth and surjective. Then the
induced morphism ¢ : A(K) — B(K) is surjective.
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Proof. The idea is very similar to the one that we used in the proof of Lemma 4.4.12.
It suffices to show that the induced map ¢g : A(R) — B(R) is surjective. Choose a
point x € B(R) and consider the corresponding morphism Spec R — B. As in the
previous proof, form the pullback diagram

Y, % Spec R

Lk

It will suffice to check that the morphism 1 : Y, — Spec R has a section. To do
this, we only need to check that the closed fiber of 1) has a section. But the closed
fiber is smooth and nonempty (since ¢ is surjective); also, its base field is separably
closed, since R is strictly henselian. Hence, the closed fiber has an R-rational point

by [3, §2.2.13). m

4.5 Producing Visible Elements of the Shafarevich-
Tate Group

Suppose that A is an abelian variety over a number field K. We describe a technique
which produces visible elements of III(A/K). The basic idea is that under certain
conditions it will be possible to inject a weak Mordell-Weil group of some abelian
variety into III(A/K), so we will produce element of finite order of IIT(A/K). The
precise statement is the following

Theorem 4.5.1 (Visibility Theorem). Let A/K and B/K be abelian subvari-
eties of J/K which have finite intersection.® Let N be the product of the residue
characteristics of the non-archimedian places of bad reduction for B. Suppose that
p is a prime number, which satisfies the following conditions:

(1) p1 N-|(J/B)(K)ors| - |B(K )iors| - 11, caw-cB,, where ca, and cp, are the Tam-
agawa numbers (or the orders of the component groups of the fibers of the Néron
models at v);

(i1) Blp] C A;

(i1i) If ey is the ramification index of the prime ideal p, then e, < p — 1 for any
prime ideal p lying above p.

Under these hypothesis, there is a natural map

: B(K)/pB(K) — II(A/K),

such that the order of the kernel of p is at most p”, where r is the Mordell- Weil rank
of A. In particular, the map is injective if the Mordell-Weil rank of A is 0.

9 As before, J is not necessarily a Jacobian of a curve; the notation is used only because we will
often apply the theorem for J being a Jacobian of a modular curve.
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Proof. There are two major steps for the proof of the theorem. First, we con-
struct a map from the weak Mordell-Weil group B(K)/pB(K) to the visible part of
H'(K, A), using the hypothesis that B[p] C A. The second step is proving that the
image of B(K)/pB(K) in H*(K, A) consists of locally trivial cohomology classes,

which immediately implies that this image is contained in Visf,i)(HI(A /K)).

Step I: Constructing a map B(K)/pB(K) — H' (K, A).
The argument we will use is purely algebraic and is based on diagram chasing.
Start with the short exact sequence

0—-A—J—C—0,

where C' is simply the quotient .J/A, considered over K. The associated long exact
sequence on Galois cohomology is

0— AK) — J(K) = C(K) 5 HY (K, A) — - . (4.5.1)

One can construct a map ¢ : B — C' by composing the inclusion map B — J
and the map J — C. Since B[p] C A and A is the kernel of the map J — C, then
the map ¢ : B — C factors through the multiplication by p map B — B. This
gives us the following commutative diagram:

.pB

B
|\
0 A J C

We still have not used the fact that B(K)[p] is empty. We take K-rational points
and use this fact to get the following diagram, with exact rows and columns:

Ko K K

0 B(K) —*— B(K) — B(K) /pB(K) —=0
0—— J(K)JA(K) — C(K) 3(C(K)) 0

K3

By definition, the visible part of H'(K, A) is the kernel of the map H'(K, A) —
H'(K,J), which by the long exact sequence on Galois cohomology is exactly the
image of the map H°(K,C) LR H'(K, A), which is §(C(K)). Now, we apply the
snake lemma to get an exact sequence

K0—>K1—>K2—>K3.
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We can analyze further the sequence, by observing that K; is finite. This is because
the kernel of v : B — C is AN B, which is finite. Therefore, K1 C B(K)ors-
But B(K) does not contain p-torsion elements. Since Ky C B(K)/pB(K) is a p-
group, then K; — K5 must necessarily be the zero map. Therefore, K injects into
K3 = J(K)/(AK)+ B(K)) = (J(K)/B(K))/A(K). Since torsion of J(K)/B(K)
is contained in (J/B)(K)tos, then J(K)/B(K) has no p-torsion. Therefore, if A(K)
is a torsion group, then (J(K)/B(K))/A(K) has no p-torsion and so Ky (which is
a p-group) is trivial, i.e. ¢ : B(K)/pB(K) — H'(K, A) must be injective.

More generally, suppose that the Mordell-Weil rank of A(K) is 7. The order of
the kernel of ¢ is bounded from above by the order of (J(K)/(A(K) + B(K)))[p].
The last group is precisely the p-torsion part of the cokernel of the map ¢ : A(K) —
J(K)/B(K), so the bound on that kernel follows from

Lemma 4.5.2. Suppose that G and H are finitely generated abelian groups, G is
of rank r, and H has no p-torsion elements. Suppose that f : G — H is a group
homomorphism. Then coker(f)[p] < p".

Proof. We may consider that H is a torsion-free, since no torsion of order prime to p
contributes to the order of coker(f)[p]. Thus, all the torsion of G is mapped to 0 via
f and so we might as well assume that G is torsion-free. For free groups, we can see
this by considering the Smith normal form of the integer matrix, corresponding ot f.
Indeed, the new matrix we obtain consists of at most r diagonal entries [dy, ds, . . .],
such that d; | dy ..., which immediately implies that the order of the p-torsion of
the cokernel is at most p". O

Step II: The Local Analysis.

In the previous step we constructed a map ¢ : B(K)/pB(K) — H'(K,A) and
proved that the kernel has order at most p”, where r is the Mordell-Weil rank of
A (the last statement follows from Lemma 4.5.2). We should also prove that the
image of ¢ consists of locally trivial cohomology classes in order to conclude that
this image lies in III(A/K). Consider the composition 7 : B(K) — H'(K, A) of the
quotient map B(K) — B(K)/pB(K) and the map ¢. Let x € B(K) be a K-rational
point. We want to show that for each place v, the restriction res, (7 (z)) = 0.

We prove this by considering the different possibilities for the place v.

Case 1: v is archimedian.

There is nothing to prove in the case when v is complex archimedian, because
the local cohomology group is trivial.

If v is real archimedian, we have H'(Gal(K,)/K,, A(K,)) = H'(Gal(C/R), A(R)).
But Gal(C/R) = Z/27Z and since the order of the group kills any element of the
first cohomology, then res,(w(z)) is 2-torsion. But 7(z) is also p-torsion and p
is odd. Therefore, res,(m(z)) is both p-torsion and 2-torsion, which means that
res,(m(x)) = 0.

Case 2: p # char(v).
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Let m be the order of the component group @5, (k,) of the closed fiber By, at v
of the Neron model B (i.e. the Tamagawa number c¢p,). Then mx is in the identity
component Bgu. Hence, we can apply Proposition 4.4.9 for the point max and the
local field K" (whose valuation ring is strictly Henselian) to get that there exists
z € B(K™), such that pz = mz. Now, look at res,(m(mz)) € HY(K,, A(K),)).
By the discussion of the Kummer pairing in Chapter 1.1, this cohomology class is
represented by the 1-cocycle

f:Gal(K,/K,)) — A(K,), 0 o(z) — 2.

Since z € B(K"), it follows that f is unramified cocycle, i.e. res,(m(mx)) is an
unramified cohomology class. Thus, res,(w(mz)) € HY (K™ /K,, A(K™)).

Next, we use the following relationship between the unramified cohomology and
the the cohomology of the component group.

Lemma 4.5.3. Let A be an abelian variety over a local field K, which is the fraction
field of a discrete valuation ring R with residue field k. Let A be the Néron model

of A and ®(k) be the component group of the closed fiber Ay of A, i.e. ®(k) :=
Ay (k) AYK). Then

H' (K" /K, A(K")) = H'(K""/K, ®(k)),
where K'" denotes the mazimal unramified extension of K.
The lemma is proved in [17, Prop.3.8]. It implies that
H (K Koy ACKE)) = HY (K /Ky, ().

The cohomology of the component group is easier to work with, because the
component group is a finite Gal(K}"/K,)-module and Gal(K'"/K,) is a cyclic, so
we can apply the following

Lemma 4.5.4. Suppose that G is a cyclic group and A is a finite G-module. Let
h(A) = |H(G, A)|/|H(G, A)|
be the Herbrand quotient of the G-module A. Then h(A) = 1.

Proof. Let g be a generator for G and A denote the fixed submodule of A. Let I
denote the kernel of the homomorphism Z[G] — G, which maps g — 1. There is an
exact sequence

OHAG%A(Q;IRA%A/[GA%O.
Since A is a finite module, it follows that |A/IgA| = |A%|. Next, let N : A — A be

the homomorphism, obtained by multiplication by N = Z h. This homomorphism

heqG
induces a homomorphism N* : A/IA — A®. Moreover, we have an exact sequence

0— HYG,A) — A/lcA X5 AG — HY(G, A) — 0,
which immediately implies that |H'(G, A)| = |H*(G, A)]|, so h(A) = 1. O
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The lemma implies that the order of H*(K*/K,,®4,(k,)) is equal to the order
of the component group (IDAW(EV). But ptca, = |<I>A7V(EV)| by assumption. Since
the order of res,(m(mx)) divides p, it follows that res,(m(mx)) is trivial. There-
fore, mres,(mw(xz)) = 0. But pr(x) = 0 and p t m = cp,, then it follows that

res, (m(x)) = 0, i.e. 7(z) is a locally trivial element.

Case 3: char(v) = p.

Consider the maximal unramified extension K" of K. Let A, J and C be the
Neron models of A, J and C respectively.

The first observation is that the induced sequence on the Néron models

0—A—-TLCc—0

is exact, which is a consequence of the following lemma, proved in [3, §7.5, Thm 4.]

Lemma 4.5.5. Suppose that 0 — A" — A — A” — 0 is an exact sequence of
abelian varieties over a field K, which is the fraction field of a discrete valuation
ring R. Assume that the ramification index e = v(p) satisfies e < p — 1, where p is
the residue characteristic and v is the normalized valuation on R. Let A’, A and
A" be the Néron models of A', A and A" respectively. If A has abelian reduction,
then the induced sequence

0—-A—-A—-A"—=0

s exact and consists of abelian R-schemes.

Hence, ¢ : J — C is a flat morphism, which is surjective and which has a smooth
kernel A. This is enough to claim that 1 is smooth [3, §2.4, Prop.8]. Next, using
Lemma 4.4.14, it follows that J(R) — C(R) is surjective, and therefore J(K.") —
C(K}) is surjective. Therefore, res,(m(z)) is a unramified cohomology class. Using
Lemma 4.5.3, we have

Hl(Kgr/Kw A) = HI(K:/”/KV’ (I)A,V(%V»

But A has good reduction at v, since p ¥ N, so ®4,(k,) is trivial. Therefore

HYK™/K,, ®4,(k,)) is trivial, so res,(7(z)) = 0, which completes the proof of the
visibility theorem. O



Chapter 5

Computational Examples and
Algorithms

In this chapter we describe specific examples, in which one produces visible ele-
ments with the visibility theorem, and therefore provides evidence for the Birch
and Swinnerton-Dyer conjecture, by constructing elements of certain finite order
of the Shafarevich-Tate group. Two computational examples are provided - one of
the examples (a 20-dimensional subvariety of Jy(389)) in which we directly produce
visible elements using the visibility theorem. The other example is more interesting
(18-dimensional subvariety of Jy(551)), because no visibility occur at level N = 551,
but if we raise the level of the modular Jacobian (by mapping Jo(551) — Jo(2 - 551)
by a combination of the degeneracy maps), we can apply the visibility theorem for
the image of the variety. We then use a result of K. Ribet to conclude that the
Shafarevich-Tate group of the original variety must have elements of certain finite
order.

Before presenting the computational example, we describe (or at least give precise
reference to) almost all of the computational algorithms that are used for these
verifications. For instance, we explain how to compute the modular degree, how to
produce upper and lower bounds on the torsion subgroup, how to intersect abelian
varieties, how to compute the L-ratios and the orders of the component groups (the
Tamagawa numbers).

The examples are not original, so I would like to thank Asst. Prof. William
Stein for allowing me to include his examples in my thesis and to use some of the
modular abelian algorithms which he came up with in [25].
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5.1 Algorithms for Computing with Modular Abelian
Varieties

5.1.1 Computing the Modular Degree

Let Ay be an abelian variety attached to a newform f. Then Ay is a quotient of
Jo(IN), so there is a surjective morphism Jo(N) — Ay. Consider the dual morphism
AY — Jo(N) (Jacobians are self-dual), which is an injection. By taking the compo-
sition of these two maps, we obtain a finite degree morphism 6y : A]Vc — Ay. It turns
out that the degree of 0 is a perfect square, which is a consequence of the following

Proposition 5.1.1. Suppose A is an abelian variety over a field k and let A : A —
AY be a polarization. Suppose that char(k) is either zero, or prime to the degree of
A. There exists a finite abelian group H, such that

ker(\) = H x H,
where the above identification is a group isomorphism.
Before proving the proposition, we need a lemma:

Lemma 5.1.2. Suppose that G is a finite abelian group for which there exists a
nondegenerate, alternating, bilinear pairing I' : G x G — Q/Z. There exists a group
H, such that G = H x H.!

Proof. Using the structure theorem for abelian groups, one can reduce the statement
to the case when G is a p-group for some prime number p. Let x be an element of
G of maximal order p” for some integer h. First, we show that there exists y € G,
such that T'(x,y) = 1/p". Indeed, if no such y exists, then I'(p" 'z, y) = 0 for each
y € G, so I' is degenerate, which is a contradiction. Notice that every such y still
has maximal order p", since 0 # p"'T'(x,y) = I'(x, p"~1y). Moreover, we show that
(r) N {y) = @. Indeed, if mz = ny for some 0 < m,n < p", then

0=ml(z,z) = (x,mx) =nl'(z,y) #0,
which is a contradiction. After choosing such y one can define
H={z:T(z,2) =T(y,2) = 0}.

We claim that G ~ ((z) + (y)) ® H. Indeed, for any g € G, the alternating pairing
I' gives us
g9 - @"T(g.y)z — (p"T(g, )y € H,

LIt is interesting that this lemma, combined with the existence of the Cassel’s pairing for elliptic
curves, implies that if the Shafarevich-Tate group of an elliptic curve is finite, then it has a perfect
square.
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It is easy to check that this produces a group isomorphism
G~ ((z)+ ()@ H.

But I restricts to an alternating, nondegenerate, bilinear pairing to H x H.

This means that we can use induction on the size of the group G to prove the
statement. If GG is trivial, there is noting to prove. If not, we construct H and apply
the hypothesis for H, i.e. there exists a subgroup H' of H, such that H ~ H' & H'.
This means that

G~ ((x)eH) & ((y) & H),

because (z) N (y) = 2. O

Proof of Proposition 5.1.1. The idea is to prove the existence of a nondegenerate,
alternating, bilinear pairing 5 : Ker(\) x Ker(A\) — Q/Z and then to use Lemma
5.1.2.

Let m be an integer that kills Ker(\). Define

et Ker(\) x Ker(A\) — pin,

in the following way: suppose that P, P’ € Ker()\). Choose a point Q € A(k), such
that m@Q = P’ and let
NP, P') =2 (P, AQ),

where €, : A[m] x AY[m] — i, is the Weil pairing. The pairing is well defined,
since m(AQ) = A(m@Q) = A(P’) = 0. Moreover, it is nondegenerate, alternating and
bilinear, because of the properties of the Weil pairing. Thus, we can apply Lemma
5.1.2 to get Ker(\) = H x H. O

As a consequence of Proposition 5.1.1, we conclude that the degree of the isogeny
O : A}/ — Ay. Using the above proposition, we can define the modular degree.

Definition 5.1.3. The modular degree of Ay is defined as

moddeg(Ay) = y/deg(fy),

where 0 : A} — Ay is the dual isogeny.

There is an explicit algorithm for computing the modular degree of a modular
abelian variety, attached to a newform. It is based on Abel-Jacobi’s theorem and
on the integration pairing?

(,) : So(To(N)) x Ho(Xo(N),Z) — C.

2From now on, by So(I'g(N)) we will mean the complex vector space of modular forms of weight
2 and level N.
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Indeed, the pairing induces a natural map
Py : Ho(Xo(N),Z) — Hom(S2(I'o(N))[1y], C),

where I; is the ideal of the Hecke algebra, which annihilates the form f.
Using Abel-Jacobi’s theorem, one can deduce the following commutative diagram
with exact rows

0 Hy(Xo(N), Z)[Iy] —= Hom(S5(To(N)), C) 1] —= AY(C) —=0

| | N
o

0—— Hi(Xo(N),Z) ['o(N)), C) —— Jo(N —0

|

0—>(I>f(HO(X0 ) Z)) —>HOH1(SQ(F0

Finally, since the map Hom(S2(I'o(V)), C)[I;] — Hom(S2(I'o(N))[If],C) is an
isomorphism, then the modular kernel 6 is isomorphic to the cokernel of the map
Hi(Xo(N),Z)[If] = ®s(Ho(Xo(N),Z)) by the snake lemma.

We summarize the algorithm in the following proposition

Proposition 5.1.4. The kernel of the isogeny 0y : A7 — Ay is isomorphic to the
cokernel of the map

Hl(XO(N)7 Z)[If] - (I)f(Ho(Xo(N)7 Z))

Since the Hecke action on the space of modular symbols and the integration pair-
ing are both computable, then the isomorphism allows us to compute ker(6f) using
modular symbols.

Finally, we explain why the modular degree is important in relation to visibility.
We will prove the following result

Proposition 5.1.5. Let m4 = moddeg(Ay). The visible subgroup of A} — Jo(N)
is contained in HI(Ar/Q)[m4].

Proof. The isogeny 0y : Af — Ay is a composition of the maps Ay — Jo(N) — Ay.
Let es be the exponent of ker(§). By proposition 5.1.1, e4 | ma, so 0y factors
through multiplication by e4, which means that there is a complementary isogeny
0y : Ay — Af, such that 0% 0 0y = [ea]. Let (0f). : II(A}/Q) — II(A;/Q)
denote the induced map on the Shafarevich-Tate groups. Since Vis s, (II(AY)) is
contained in ker((6y).), then this visible group is also contained in

ker((6) 0 07).) = TI(AY /Q)fe] € TI(AY/Q)[ma]
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Remark 5.1.6. Note that by considering the complementary isogeny of ¢ one obtains
automatically that the visible subgroup of III(A}/Q) is killed by multiplication by
the order of the modular kernel (i.e. the kernel of ;). However, using the nontrivial
Proposition 5.1.1, we obtain a much stronger statement (the visible III is killed by
the square of the order of that kernel). In fact, proposition 5.1.5 will be used in the
computations in the next section.

5.1.2 Intersecting Complex Tori

In this subsection, we discuss how to compute intersections of abelian varieties. The
whole idea is pretty straightforward if one thinks of the varieties as complex tori.

Suppose that V' is a finite dimension vector space over C and A be a lattice in V.
One can contruct the complex tori 7= V/A. Suppose that V4 and Vg are vector
subspaces of V. The lattices Ay = VaNA and Ag = VN A give us complex subtori
A=Vy/As and B = VN Ag of T. The following proposition gives us an explicit
way to compute the intersection group of A and B, using only the lattices A, A4
and Apg.

Proposition 5.1.7. Suppose that AN B is finite. Then

A
ANBZE | —— .
(AA+AB)t0rs

Proof. Since AN B is finite, then V4 N Vg = &. There is a map A® B — T given
by (va+Aa)+ (vp+ Ap) — (va —vp) + A. The kernel of consists precisely of pairs
(x,z), where x € AN B. Indeed, (va+ A4)+ (vp + Ap) is in the kernel if and only
if v4 —vp € A, which means precisely that the points t = v4+ A4 and y = vp+ Ap
viewed as points in 7. Therefore, we have an exact sequence

0> ANDB— A B &=y,

One can construct the following commutative diagram with exact rows and columns:

0 ANB
0 Ay @ Ap Vi Vp A B 0
0 A vV T 0

A/ (As+ Ap) V/(Va+ Vg) T/(A+ B)

Using the snake lemma, we obtain an exact sequence

0—=ANB—=A/(As+Ap) = V/(Va+Vp)
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Finally, observe that V/(V4 + Vi) is a C-vector space and therefore has no torsion.
Therefore, the kernel of A/(Ay + Ag) — V/(V4 + Vi) contains (L) .
AA + AB tors
Conversely, it is easy to check that any element which is not torsion is mapped to a
nonzero element of V/(V4 + V). Therefore AN B = (L : O
AA + AB tors
The proposition can be applied to compute intersections of modular abelian
varieties. Indeed, consider the modular Jacobian Jo(N) as an abelian variety over
C. The tangent space at the identity is precisely V' = Hom(S2(I'o(N)),C). By
considering A = H,(X(N),Z) and the integration pairing, we get Jo(N)(C) = V/A.
Let f and g be newforms, which are not Galois conjugates and let Iy and I, be the
annihilators of f and g in the Hecke algebra T. Let A = A7 and B = B}. Then
Vi = V[I;] and Vg = V|[I,] are the tangent spaces at the identity to A and B.
According to the above proposition, we have

A
AnBe (—2 )
(AA+AB)

where Ay = A[lf] and Ap = A[]].

5.1.3 Producing a Multiple of the Order of the Torsion Sub-
group

We first consider some methods for providing upper bounds on the size of the torsion
subgroup of a modular abelian variety A := Ay, attached to a newform f, which is
oo

a normalized eigenform, i.e. f=q+ Z anq".
n=1

The basic idea for bounding the size of the torsion group A,.s(Q) is to inject
the torsion subgroup into the group of F,-rational points of the reduction of A for
various primes p. We start with the following

Proposition 5.1.8. Suppose that A is a modular abelian variety, which is a quotient
of Jo(N) and p{ 2N is a prime. Then there exists an injective map

A(Q)tors - AIFP (Fp>

We recognize this statement as a generalization of Lemma 1.2.2. The above
proposition is a direct consequence of a more general statement, which is proved in
the Appendix of [12]

Using the above proposition, one can get an upper bound on the torsion, by
taking the greatest common divisor of all |Ap,(IF,)|, where p runs over all primes,
for which p{ N. In short,

|A(Q)tors| < ged{| A, (Fp)| = Vpt2N}.
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To complete the computation of the upper bound, we need an algorithm for
computing the order of the group Ag, (IF,). The observation is that the F,-rational
points can be recovered as the fixed points of the Frobenius automorphism, acting
on Ay, (F,). Indeed, the automorphism Frob, : F, — F,, that sends z — 27 induces

an automorphism Frob, : Ag (F,) — Ag,(F,). Thus,
|Ar, (F,)| = |ker(1 — Frob,)|.

A useful tool for computing degrees, such as the above one are characteristic polyno-
mials. Since we cannot define characteristic polynomials of an endomorphism of an
abelian variety, we should somehow relate this automorphism to an automorphism
of vector spaces, or modules of finite rank.
Indeed, it is helpful to introduce the f-adic Tate module. Indeed, it is defined as
the inverse limit
T,A = liLnA[E"],
n

taken with respect to the natural map
Al L Afem.
Let ¢ : A — A be any element of End(A). There is an induced homomorphism
(V2 DA — TgA
Lemma 5.1.9. For any ¢ € End(A),
deg(p) = [det(r)]-
Proof. This is proved in [16, §12.9]. O

Thus, all we need to do is compute the characteristic polynomial of the Frobenius
homomorphism, acting on the f-adic Tate module TyA. This is achieved in the
following proposition, proved in [22, §7].

Proposition 5.1.10. Let F}, be the characteristic polynomial of the homomorphism
Frob, : T)A — Ty A. Then

F,(z) = H (2”7 — o(ap)z +p) .
a:Kﬁ—»@

Finally, let G,(z) be the characteristic polynomial of multiplication by a, on the
vector space K;/Q. Then (e.g. by the Eichler-Shimura relation between 7, and
Frob,, acting on the (-adic Tate module),

Fy(z) = 25r9qG, (w + g) .

But the polynomial G,(z) is easily computable from the coefficients of f. Therefore,
F,(x) is computable. Finally, we obtain

| Ar, (Fp)| = |det(1 — Froby)| = [F,(1)] = |G (1 + p)|.
This gives the explicit way of computing the number of F)-rational points on the
reduced variety Ap,.
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5.1.4 Producing a Divisor of the Order of the Torsion Sub-
group

Producing a lower bound for the order of the torsion subgroup is more subtle than
the upper bound. We start by the following

Definition 5.1.11. The rational cuspidal subgroup C' is defined as the subgroup of
Jo(N)(Q)tors, generated by the divisors of the form («) — (00), where « is a rational
cusp for T'g(N) (recall that a divisor is called Q-rational if it is fixed by the action
of the absolute Galois group Gal(Q/Q)).?

Introducing the group C' is very useful for our purposes, since the size of its
image in A(Q)ors produces a divisor of the order of the torsion subgroup.

We compute a list of cusp representatives for all the cusps for I'g(/N), using the
following

Proposition 5.1.12. Let a; = ! and oy = b2 be two cusps, written in lowest
1 q2
terms. Then oy ~ ay modulo the action of To(N) if and only if

g2 = uq; (modN), and ups = p; (mod (q1, N)), for some u, (u, N) =1

Proof. Suppose that there is a matrix M € T'g(N), such that Moy = ay. If M =
l a b P _ aptbg

Ne d | g2 Nepr+da
that go = £(Ncpy + dqi) and ps = £(ap; + bg1). Hence, we can choose u = +d and
we get precisely the desired condition.

Conversely, suppose that oy and a satisfy the condition. First, choose s, 7], s2, 72 €

Z, such that pis] — 1] = pasy — qarg = 1. Since ¢o = ug; (mod N), then
(¢1,N) = (g2, N) = Ny. We have upy = p; (mod Ny) which implies that us] = so
(mod Np). Thus, we can find z € Z, such that uzqy = us| — so (mod N). If
we set 1 = s —xqp and r; = 1] — xp1, then pys; — qury = 1, us; = sy (mod

. Since (apy +bq1, Nepyr +dgr) = 1, then it follows

N) and ug; = ¢2 (mod N). Finally, look at the matrices M; = Zl 21 } and
1 S
M, = [ 1872 22 } Since My M, " € Ty(N) if and only if s;¢2 = s2q; (mod N), then
2 2
we obtain easily that there is a matrix M € I'o(NN), such that Moy = ag, i.e. the

cusps o and ag are I'g(N)-equivalent. O

Next, we compute a sublist of all Q-rational cusps. This can be done, provided
we know the action of Gal(Q/Q) on the cusps for I'o(N). Computing this action is
possible and is done by G. Stevens [26, Thm. 1.3.1]. The essential result is contained
in the following proposition:

3The definition we present is not the standard definition of the rational cuspidal subgroup.
The standard definition of the rational cuspidal subgroup is the subgroup of the group of cuspidal
divisors, which is fixed by Gal(Q/Q).
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Proposition 5.1.13. (i) The cusps of Xo(N) are rational over Q((y) (i-e. they are
fized by the elements of Gal(Q/Q(Cy))).

(ii) The absolute Galois group Gal(Q/Q) acts on the cusps for T'o(N) through the
subgroup Gal(Q((n)/Q) = (Z/NZ)*. The element d € (Z/NZ)* acts on the cusp
representative x/y by x/y — x/(d'y), where d’ is the multiplicative inverse of d in
(Z/NZ)*, i.e. dd' =1 (mod N ).

We can compute the subgroup C of the space of modular symbols of weight 2 for
[o(N), generated by the rational cusps. In other words, C is the space of all symbols
{a, o0}, where « is a Q-rational cusp. It follows from Abel-Jacobi’s theorems that
the image of C' in Af(Q)sors is isomorphic to the image of C in the quotient group

P = ®(Hy (Xo(N), P (Q): )/, (Hy (Xo(N); Z)).
where @ is the integration pairing, defined by

®;: Hi(Xo(N),P'(Q); Z) — H\(Xo(N); Z), {a, B} — {f;—> /f},

where 7y is a path, representing the homology class {«a, 3}.

5.1.5 Computation of the Tamagawa Numbers

Let A be an abelian variety over a number field K and let A be its Néron model.
The closed fiber of the Néron model at a place v is a commutative group scheme,
which we denote by Ay, (k, denotes the residue field at v). This scheme is not
necessarily connected, so we will denote by Agy the connected component of the
identity:.

Definition 5.1.14. The component group of A at v is a finite flat group scheme
® 4 ,, such that the following sequence is exact

O—>A2V—>Aku—>CI>A7,,—>O

The order c4, of the group of k,-rational points on the component group ®4, is
called the Tamagawa number of A at v. In other words, ca, =[P4, (k)|

Remark 5.1.15. If A has nonsingular reduction at v then c4, = 1, because Ay, in
this case is connected.

There is no general algorithm to compute the Tamagawa numbers. There ex-
ists, however, an algorithm for the case of elliptic curves and it is known as Tate’s
algorithm. We do not present the technical details of the algorithm, since such a
presentation would be much longer than the whole chapter. A detailed exposition
of this algorithm is given in [27] or [24, IV.§9].

For the case of modular abelian varieties over Q, there is a known algorithm
to compute |®,4,(F,)| in the case when p || N [6]. Furthermore, it is possible to
compute |® 4 ,(IF,)| up to power of 2 [13]. Computing c4, in general is still an open
problem.
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5.1.6 Computing the L-Ratio

To motivate the definition and the interpretation of the L-Ratio, we start with the
simpler case of an elliptic curves.

First, suppose that f € S3(T'o(V)) is a newform. The L-function L(f, s), associ-
ated to f is defined via the Mellin transform

L) = 0TGs) [ (i)

> .

It is not hard to check (by using the Fourier expansion f = > 7 a,q") that

Next, we look at the special value of the L-function at s = 1.

100

L(f1) = —2mi [ f(z)dz = — ({0,050}, f),

0

where

(,) : Hi(Xo(N),PY(Q); Z) x Sp(To(N)) — C

is the integration pairing, defined by (| =27 / f(z)dz.

Since the modular symbols {0,00} is in the ratlonal homology of the curve
Xo(N), then ({0,00}, f) is a rational multiple of a period of f. To compute that
rational multiple, we use the Hecke operator 7}, on modular symbols. Indeed, we
have

T,{0.00} = {0,00) + 3" (/. 00} = (1 4 p){0,00) + 3" (0.h/p}.

But whenever p { N, the symbol {0, k/p} is integral, i.e. {0,k/p} € Hi(Xo(N),Z).
p—1
Thus, Z({k/p, 0}, f) is a period of the modular form f. Another observation is

k=0
that it is a real period. Indeed,

<{07 k/p}7f> = _<{07 k/p}7f> = <{07 (p - k?)/p},f>,

p—1

so after summing all the contribution, we see that the period <Z{k‘ /p, o0}, f > is
k=0

real. Now, let (f) be twice the minimal real part of a period of the lattice. Then

LAY n(p.f)
)~ 2L+p—a,)




95

where n(p, f) is an integer.

For the general case, suppose that A = Ay is a modular abelian variety, attached
to a newform f. We want to be able to measure the volume of A(R), which will be
called the real volume and denoted by €2 4.

To define this notion precisely, let A be the Néron model for A and Agr be the
generic fiber of A. Consider the space of Néron differentials H°(A, QY /Z) and the
real vector space

V' = HO(An, Q) = Sa(To(N), R)[1,].

Indeed, the last identification is a consequence of the definition of Ay is the quotient
Jo(N) /1 Jo(N).

Definition 5.1.16. Suppose that A and A’ are lattices in a real vector space V. The
lattice index [A : A] is defined to be the determinant of the linear transformation of
V', which takes A to A’

Let A* be the lattice defined by the Néron differentials H%(A, QY /z) in the cotan-
gent space V*. The dual lattice A = Hom(A*,Z) is a lattice in the tangent space
V = Hom(V*,R). We can declare that the real torus V/A has measure 1. Since
AR)" = V/H,(A(R),Z), then we can define the volume of A(R)° using the lattice
index [A : H(A(R),Z)]. We write this as

pa(A(R)") = [A : Hi(A(R); Z)].

Since our goal is to measure the volume of A(R), we can use the index ¢y =
|A(R)/A(R)°| to define

pa(A(R)) = e - pa(A(R)").

Finally, we declare this induced measure s (A(R)) to be the real volume €2 4.
L(A1)
——— It

Qyu
turns out that it is easier to compute the ratio ¢4 - L(A,1)/Q4, where c4 is a special
constant, which is known as the Manin constant and is defined as follows

We will be concerned with the computation of the L-ratio, which is

Definition 5.1.17 (Manin Constant). Consider H°(A, Q) as a submodule of
S2(To(N), Z)[Iy], using

HO(A, Q) — H(T, Q)] — H(Jo(N), Q) 5] = S2(To(N), Z)[I],

where J is the Néron model for the Jacobian Jy(N). The Manin constant c, is

defined as
_ | Sa(To(N), Z)[1/]

AT THOA, Q)
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There are various results and conjectures about the constant c4. One result,
which will be used in the computations is the following theorem due to B. Mazur

[15, §4]

Theorem 5.1.18 (Mazur). Let p be a prime, such that p | ca. Then p* | 4N.

L(A1)
QL

We will now state the result that allows us to compute the ratio c4 -

Theorem 5.1.19. Let
P : Hi(Xo(N); Q) — Hom(S2(I'o(N))[1y], C)

be a pairing, obtained from the integration pairing in such a way that ({0, 00))(f) =
L(f,1) (as we discussed above, the fact that (0,00) € Hi(Xo(N),Q) follows from
the Manin-Drinfeld theorem). Then

L(A, 1)
Qy

where by ®(H,(Xo(N); Z))" we mean the positive eigenspace of Hom(S2(To(N))[I4], C)
with respect to the complex conjugation operator.

= [2(H1(Xo(N); Z))" : B(T(0, 00))],

Coo " CA -

The theorem is proved in [1, Thm. 4.5].

5.2 Examples of Visible Elements.

5.2.1 A 20-Dimensional Quotient of J,(389).

For the purpose of this section, we will be working with the modular Jacobian
Jo(389). For clarity, we describe each step of our computation separately.

Step 1: Decomposing the Jacobian Jo(389) as a product of abelian varieties.
Consider the cuspidal subspace S3(I'9(389)). One can use the correspondence be-
tween Galois conjugacy classes of newforms and modular abelian varieties, attached
to newforms (quotients of J5(389)) to decompose Jy(389) as a product of modular
abelian varieties. Using the modular symbols package of the computer algebra sys-
tem MAGMA, we decompose the new subspace of the cuspidal subspace S3(I'y(389))
into Galois conjugacy classes. There are five abelian varieties in the decomposition
of dimensions 1, 2, 3, 6, 20, which we denote by A;, Ag, A3, Ag, Agg respectively.

Step 2: Computing the L-ratio’s for the quotients.
We can apply the algorithm for computing the L-ratio from Section 5.1.6, to verify
that L(Al,l) = L(AQ,l) = L(Ag,l) = L(Aﬁ,l) = O, but L(Ago,l) ;é 0. More
precisely, the algorithm, applied to Ay gives us

L(Ag,1) 211 . 52

_—_m c - —_——

Oa AT g7
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where ¢4 is the Manin constant. But according to Mazur’s theorem (Theorem
5.1.16), the Manin constant is ¢4 = 2°. Moreover, the techniques from [2] produce
an upper bound on cy4, i.e. cq < 2%°. Thus, we recover that

L(Ag,1) 24+m. 52
Q. 97

where 0 < n < 20.

Step 3: Computing the modular degree for As.

We run the algorithm from section 5.1.1 for the variety Aoy to compute the kernel
of the isogeny 6 : Ay, — Agy. We obtain |ker(0)| = 224 - 52,

Computing this kernel is really important for what will follow, because it tells use
precisely the primes, for which one can hope to apply the visibility theorem. In this
case, the only such prime is p = 5.

Step 4: Computing torsion bounds for A; and Ayy We use the algorithm from
section 5.1.3 to produce upper bounds on the torsion subgroups of A; and As.
This computation automatically produces bounds for the order of AY,(Q)ors. This
follows from the more general result

Lemma 5.2.1. Suppose A and B are isogenous abelian varieties. Then the upper
bounds for |A(Q)ors| and |B(Q)ors|, produced in 5.1.3 are the same. In other words,
the upper bounds, produced by the algorithm in 5.1.3 are isogeny invariant.

Proof. The upper bounds that are produced by algorithm in 5.1.3 depend only on
the characteristic polynomial of Frobenius on the f¢-adic Tate modules T;A and
T,B. The characteristic polynomials are then determined by T)A ® Q and T;B ® Q
respectively. But T)A ® Q = T;B ® Q, since A and B are isogenous. Hence, the
upper bounds are isogeny invariant. O

Next, we can compute the bounds on the order of the torsion subgroup Az (Q)ors-
For the upper bound, we try only the primes 3 and 5 to get a bound 97. For the lower
bound, we compute the rational cuspidal subgroup, which turns out to be cyclic of
order 97. Therefore |A(Q)iors| = |A30(Q)tors] = 97. The algorithm applied for A,
gives us upper bound 1, and so |A1(Q)tors| = 1.

Step 5: Computing Tamagawa Numbers
Using Tate’s algorithm, we compute cy, 339 = 1. For Ay, we can use the algorithm
in [6] to get cay,380 = 97.

Step 6: Theorem 4.5.1 for A= Ay,, B=A;, J=A+ B and p=>5.
We will apply the visibility theorem (Theorem 4.5.1) for the abelian variety A =
Ay, C Jo(N) and the elliptic curve B = A; = A} C Jo(NV). Let J be the variety J =
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A+ B and p = 5. We need to check the hypothesis of the theorem. Using the algo-
rithm from Section 5.1.2 we compute ANB = (Z/20Z) x (Z/20Z), which implies that
B[5] C A(Q). In order to apply the visibility theorem for p = 5, we need to prove
that 51 [B(Q)tors| - [(J/B)(Q)tors|- But |B(Q)tors| = 1. Since A is isogenous to J/B
and the kernel of that isogeny is AN B = (Z/20Z) x (Z/20Z), then |(J/B)(Q)tors| =
| A3 (Q)tors] = 97. Therefore, 51 |B(Q)tors| -+ |(J/B)(Q)tors| - €a 380 - €5 389, SO We can
apply the visibility theorem and get an injection B(Q)/5B(Q) — II(A,). (because
A has Mordell-Weil rank zero).

Step 7: Evidence for the Birch and Swinnerton-Dyer conjecture for Ay,
The Birch and Swinnerton-Dyer conjecture states that

L(A,1) |[LLI(A)] - Hp|N CAp

QA B ’A«@)tors‘ . ’AV(@)tors’ ‘

We have everything computed precisely, except the Manin constant. We can
therefore compute the conjectural order of III(AYs/Q), because
2m. 211 .52 _ 97 |II(A/Q)|
97 972 ‘

Thus, |II(A)y/Q)| = 21+".52. Using the injection from Step 6, we get 52||TII(A}s/Q)],
which provides evidence for the Birch and Swinnerton-Dyer conjecture.

5.2.2 Evidence for the Birch and Swinnerton-Dyer Conjec-
ture for an 18-Dimensional Quotient of J;(551).

In this section, we will look at Jy(551). This example is interesting, because the
visibility theorem cannot be applied directly, but one needs to embed the variety
into a modular Jacobian of level, which is a multiple of 551. Again, for clarity, we
sketch the different steps of the computations.

Step 1: Decomposing the Jacobian Jo(389) as a product of abelian varieties.
Similarly to the case of Jy(389), we compute the newform quotients of Jo(551).
There are four elliptic curves E;, Es, E3 and E4, and abelian varieties As, Az, A
and A;g of dimensions 2, 3, 16 and 18. We will be interested in studying the 18-
dimensional quotient A;s.

Step 2: Computing the modular degree for As.

Let 6 : A}y — Ajs. Using the algorithm from 5.1.1, the modular kernel has order
[ker(0)| = 2'4 - 13%. This shows that the only odd prime p, for which one might get
visible elements of III(A}g) in Jy(551) of order p is p = 13.

Step 3: Computing the multiple and the divisor of A13(Q) ors-
The algorithm for the upper bound gives us |A15(Q)tors| divides 80. The order of
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the rational cuspidal subgroup is 40. Therefore, |A;5(Q)tors] = 40 or 80. Notice
that the order of the modular kernel is not divisible by 5, i.e. the degree of the
isogeny 6 : A}y — Ajg is not divisible by 5. Therefore, the order of the torsion
subgroup |As(Q)tors|] must necessarily be divisible by 5. Thus, we obtain that

5 [ |AY(Q)rors| | 80.

Step 4: Computing the Tamagawa Numbers.

The most difficult part is to compute the Tamagawa numbers for the abelian variety
Ajg. We can use the techniques from [6]. Since 551 = 19 - 29 then we need to
compute ca,,19 and ca,,29. The second number is c4 429 = 40, but the algorithm
does not work for the first one. Instead, we compute the order of the component
group order over Fyg, which is 22 - 132 and conclude that ¢ Ag,19 = 2 or 4 by noting
that the Galois generator Frobyg acts as —1 (we can verify this in MAGMA using
the Atkin-Lehner operator; indeed, Frobg acts on the component group ® 4 19(F19),
so every element of that group must have order 2).

Step 5: Computing the L-ratio.
Using the algorithm from 5.1.6, we compute

Since c4 | 24m(A) by [2], then it follows that

L(As,1) _ 272 32
Qs 5

for some 0 < n < 18.

Step 6: Conjectural order of III(A153/Q)
We have all the quantities for the strong Birch and Swinnerton-Dyer conjecture, so
we obtain

2. 32 |TII(Ays/Q)| - 27 - (2° - 5)
5 (2k-5)- (2. 5) ’
where 1 <m <2,3<k <4 and 0 <1[<4. Thus, it follows that |III(Ag)| = 2°- 32

for some 2 < s < 24, so there is no chance to get visible elements for A;g inside

Jo(551).

We saw that the conjectural order of III(A5/Q) is divisible by 32. Although we
produced no visible elements, there is a way of proving that III(A;g) has a subgroup
of order 9 by using the following algorithm:

1. Let A be a quotient of Jy(N). Choose a prime number ¢{ N and consider the
degeneracy maps a*, 5* : Jo(N) — Jo({N).
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2. By Shimura’s construction, A is a subvariety of Jy(IN), so we can consider

its image in Jy(¢N) under a linear combination of the degeneracy maps. For
instance, look at C'= a*(AY) + 5*(AY).

3. Compute explicitely (using modular symbols) the image of the variety Ajs in

Jo(EN).

4. If possible, apply the visibility theorem for C' (or some other technique) to
prove that C' contains a subgroup of the form B(Q)/pB(Q) for some abelian
variety B.

5. To prove that III(A) has element, whose order is divisible by p, it suffices to
show that the degree of the isogeny, which is the composition of the maps

A— A A x AY 2 o

is not divisible by p (and then to perform analysis on the cochain level to
show that the kernel of III(A) — III(C') does not have an element of order
p). This can be done by noting that the kernel is annihilated by the operators
T.|a — (r+ 1) for all primes r 1 N, so it suffices to show that the order of the
kernel of some of these operators is not divisible by p.

To justify the last step of the above algorithm, we use a result due to K. Ribet.

Theorem 5.2.2 (Ribet). (i) Let ¢ 1 N be a prime number. Consider the two
degeneracy maps (which we constructed in Chapter 3) o*,3* : Jo(N) — Jo({N)
and let ¢ : Jo(N) x Jo(N) — Jo({N) be the map ¢ = (a*,5*). Let ¥y be the
kernel of the map Jo(N) — J1(N) induced from the covering of modular curves
X1(N) — Xo(N). Consider the image ¥ of X in Jo(N) x Jo(N) under the anti-
diagonal map Jo(N) — Jo(N) x Jo(¢N) (i.e. the map x — (x,—x)). Then

Y = ker(p).

(ii) The subgroup Yy (known also as the Shimura subgroup) is annihilated by the
endomorphisms n, =T, — (r + 1) of Jo(N) for all primes r which do not divide N.

The statement is proved in [21]. The second part of the theorem is useful for
computational purposes. Indeed, note that it is difficult to compute the Shimura
subgroup Xy, but computing the order of the kernel of the operator T, — (r + 1)
is not a problem at all. Since all we need out of this theorem is to show that the
prime p do not divide the order of the Shimura subgroup, then it would suffice to
check that p do not divide the order of the kernel of 7,.

To illustrate the above algorithm in practice, we choose the prime ¢ = 2. By
decomposing the modular Jacobian Jy(2 - 551) as a product of quotients, we notice
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that five of the factors are elliptic curves, one of which is the rank 2 elliptic curve
E with Weierstrass equation

E:y* +ay=2%+2% — 292 +61.
Let C be the image of A;g under the composition

A — AY, — Jo(551) 25 Jy(2- 551)

We can use the techniques from Section 5.1.2 to compute the intersection of E with
C' and verify that C' contains E[3]. We wish to apply the visibility theorem for
A=C and B = F and p = 3. Indeed, the only hypothesis that we have to check is
that the Tamagawa numbers for B are not divisible by 3. But Tate’s algorithm [27]
computes these numbers for elliptic curves. Using this algorithm, one checks that
cp2 =2, cg19 =2 and cp o9 = 1 and we already computed (up to power of 2) those
for A. Since the Mordell-Weil rank of C' is zero, then there is an injection

B(Q)/3B(Q) — HI(C).

Finally, we need to check that the degree of the above isogeny ¢ : A — C' is not
divisible by 3. To do this, we first compute the kernel of the operator T34 — (34 1).
It is possible to perform the last step in practice, because one knows precisely how
the Hecke operator acts on the space of modular symbols. The kernel is

ker(T3]4 — (3 + 1)) = 12625812402998886400 = 2'* - 5% - 55520032,

which is not divisible by 3. Therefore, by Ribet’s theorem 3 does not divide the
order of the kernel of the isogeny A3 — C, so III(A;g) contains an element of order
3, which provides evidence for the Birch and Swinnerton-Dyer conjecture.



Conjectures

The various theorems and examples that we presented illustrate that looking at
visible elements might be useful for a better understanding of the Shafarevich-Tate
group, since rational points on abelian varieties are much easier to understand than
cohomology classes.

The visualization theorem, together with the various interesting examples might
serve as a good motivation for the following question

Question 1. If A is an abelian variety over K, does there exists a variety J and an
embedding 7 : A — J, such that the whole Shafarevich-Tate group becomes visible,
ie.

Vis? (II1(4/K)) = II(A/K)?

The above question is too general and it is likely that the answer might be neg-
ative. However, if we specialize the question to subvarieties of modular Jacobians
Jo(N), the level-raising example generates the following question

Question 2. If A is an abelian variety over Q, whose dual is an optimal quotient
of Jo(N) (hence A is a subvariety of Jo(N)), does there exists M € N and a linear
combination of degeneracy map Jo(N) — Jo(MN) %, such that every element of A
becomes visible in Jo(MN), i.e.

Vis g,y (HI(A/Q)) = TH(A/Q)?

Why should one even bother to ask these questions? Indeed, there is a very
subtle connection between visualizing elements of the Shafarevich-Tate group and
what is called capitulation of ideal classes.

In fact, suppose that L/K is an extension of number fields and consider the
kernel of the natural map Cx — C between the ideal class groups of K and L.
The elements of the kernel are those ideal classes of O, which become trivial in
O, (we say that these ideal classes capitulate in C). In some sense, capitulation
is the analogue of visibility for ideal classes. Class field theory tells us that there
exists a Hilbert class field H/K, in which all ideal classes of K become trivial, i.e.

4Note that we allow this map to have a kernel - recall that the general definition of visibility
did not require that A is embedded in J.
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the whole ideal class group C'x capitulates in C'y. It is natural to ask the following

Question 3. Is there some analogue of the Hilbert class field H/K for the case of
abelian varieties?

Since abelian varieties are in some sense much more difficult to work with than
ideal classes, it might be impossible to answer the above question, or it might as well
be that the general answer is negative. However, the connection between capitulation
and wistbility might be interesting to study and understand better.
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